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INTRODUCTION

This progress report describes research in quantum electronics involving
the physics of laser radiation which has been made possible by NASA Grant
NGR 21-002-022. It has provided the major support for the Qork on correlation
effects in laser radiation, the exploitation of these effects in the scattering
of lasef light from fluctuations in optical media, studies on the propagation
of short laser pulses, and optical radar measurements of micrometeorite density
in the upper atmosphere. It has contributed significantly in the other areas
described through the support of a research associate, a technician, a faculty
research assistant, and a secretary for the group, whose services are shared
by all members of the group. Other support for the research has been provided
by the Advanced Research Projects Agency and by the Bureau of Ships. Im a
university research group it is neither possible nor desirable to compartmentalize
completely the research supported by various agencies.

The grant has supported the summef salaries of two faculty members;

" honoraria and travel expenses for visiting physicists and seminar speakers;
salaries of ten different graduate students for varying periods, five NSF summer
students, and several part-time undergraduate research aides.

The stable laser research in the Electrical Engineering Department has
benefited from the assignment of a physics graduate student to assist In the
work in which we enjoy a close collaboration.

The design of the experiment on laser ranging to corner reflectors on the
moon has not been explicitly supported by this NASA‘grant, but has benefited
from the research environment the grant has helped to establish. It is included
here because of its relation to the technology of optical space communication

of interest to the Office of Advanced Research and Technology.
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CURRENT RESEARCH PROGRAM

I. CORRELATION EFFECTS IN LASER RADIATION

Experiments are now under way in this laboratory to study the~v
intensity fluctuations in light from a CW gas LASER operating in the
threshold region, using single-photon counting and coincidence tech—.
_ﬁiquee to supplement anaiog cefrelation measurements. It has now
been established by recent theoretical1 and experimental develop~
ment52 here and in other laboratories that interesting photon cor-
relation effeete are to be found just in this region of LASER opera-
tion.

The necessary electronic equipment has been constructed and
assembled to permit preliminary measurements of optical intensity
fluctuations over the time range 10—7 to 10‘-2 seconds, Initial tests

on thermal sources indicate the equipment is perfdrming as designed

and that it can be applied to some measurements of LASER intensity

1. See for example the papers 3A-1 and 3A-2 presented at the 1966
International Quantum Electronics Conference in Phoenix, Arizona.
Digests appeared in IEEE Journal of Quantum Electronics, QE-2,
No. 4, April (1966). Selected papers from the conference are to
appear in two early fall issues of the IEEE Journal of Quantum
Electronics.

"Theory of Noise in Solid-State, Gas, and Semiconductor
LASERS", by H. Haken.

"Quantum Noise and Amplitude Noise in LASERS™, by M. Lax
and W, H. Louisell. ’

Similar matters were present for discussion at the 1966 Rochester
Conference on Coherence and Quantum Optics by the same authors.

2, See for example the papers 1A-1 and 1A-2 presented at the 1966 Phoenix
Conference (publication discussed above).

"Photoelectron Statistics Produced by a LASER Operating

below and above the Threshold of Operation", by C. Freed

and H, A, Haus.

"Observation of Photon Counting Distributions for Laser Light
Below and Above Threshold", by A. W. Smith and J, A. Armstrong.

Similar matters were presented for discussion at the 1966 Rochester
Conference on Coherence and Quantum Optics by the same authors.



fluctuations,

Present efforts are devoted to the serious problem of stabilizing
our CW laser in the threshold region against long-term drifts, a problem
aggravated by the slow data acquisitidn rate of the present electronics.
"Bréadboard" circuitry and measufements of drift rates indicate that
feedback circuits now under construction will satisfactorily stabilize
our LASER in the criticél threshold region, If the stabilization is
successful, it will be due in great part to the stability of the gas
discharge in the LASER tube we are using. The discharge tube uses £he
low—current-déﬁsity aluminum electrodes designed by Dr. Hochuli of the
University of Maryland, Department of Electrical Engineeriné,; and the
discharge current is regulated to within a few parts éer million at any
value from 2-5 mA, by a control circuit constructed.in this laboratory.
We -look forward to making measurements on one of the ultra-stable CW
LASERS that Dr. Hochuli is now developing, in which the effects of cavi-
ty length changes will be greatly reduced even before feedback compen-
sation,

A careful study of systematic effects and the experience of other
investigator52 have convince& us that the meésurement of small effects
in the threshold region of LASER operation evgntually demands a more
sophisticated da&a—recording system, Higher data-acquisition rates not
only reduce the statistical uncertainties in the final measurements but

also reduce the systematic errors introduced by the remaining small

) -]
1, "Cold Cathodes for Possible Use in 6328 A Single Mode He-Ne Gas
Lasers", by U, Hochuli and P. Haldemann, Rev. Sci. Instr. 36,
1493 (1965).

2, See Footnote No, 2, on Page 2



longterm drifts in operating point of the LASER, Thevdesign of such a
system has been partially complated.

Well above threshold, a CW laser stabilized against long-term drifts
provides a nearly monochromatic light source of essentially constaﬁt
intensity, Such, a source can then be used to study fluctuatidns‘in
light scattered from or transmitted through a medium due to interactions
with the medium itself. Our experience with stabilizing and measuring
fluctuations in CW LASERS near threshold gives us the ability to produce
and calibrate such a source. (See "Scattering from Fluctuatioms in Opﬁi-

cal Media", Section II, below.)

II. SCATTERING FROM FLUCTUATIONS IN OPTICAL MEDIA

A. Application of Photo-Beat Techniques to the Measurement of

Brillouin Scattering and Inelastic Rayleigh Scattering

Light scattered inelastically in solids and liquids can be studied
by beating the light scattered from a LASER beam with itself or with
part of the incident radiation in photoelectrié detector, Studies of
the application of this technique ;6 Brillouin scattering in solids and
liquids led to interest in a related subject: the diffusion broadening
of LASER radiation scattered by concentration fluctuations near critical
points. associated with phase transitions in binary liquids.

In this laboratory Dr., J. A, White, Mr, J. S, Osmundson, and Mr. B.
H. Ahn have been studying the fluctuations in light scactered from thermal -

fluctuations in fluids. Following this report, a—'édigm of an article

published in Physical Review Letters describes some of their measurements

of light scattered from thermal fluctuations in the dielectric constant

in a solution of macromolecules, using the Benedek method of self-beating



the scattered light in a square-law detector (a photomultiplier).

The same method applied directly to the output of a Spectra-Physics
Type 115 He-Ne Laser provided upper limits on the lack of spectral
purity in the light in a single laser mode (-3Hz.) and of the amplitude
instaSility of the output, analyzed into its frequency components, In
the process of striving for maximum signal/noise ratio in the scattering
work and minimum interference from building vibrations, etc., many de-
velopments in .vibration isolation, in improving the amplitude stability
of the laser emission, and in eliminating spurious signals in the detec-

tion process were made,

One of the interesting unexpected results of the research, which
was directed principally toward a greater understanding of critical
phenomena, was the observation that relatively far from a critical
point it seems to be possible to determine the diffusion velocity cor-
responding to the Brownian motion of individual molecules at least as
small as 100 A across, The 1ight-s§attering technique for studying
diffusion in liquids will give information.on the.interactions of macro-
molecules of the same type as has been obtained for atomic diffusion
frbm the scattering of neutrons. It will give previously unavailable
information on the microscopic viscous interaction between a large

molecule and its environment. (See, for example, the proceedings of

various symposia on the Inelastic Scattering of Neutrons in Solids and
Liquids, published by the International Atomic Energy Agency in Vienna,
espicially the article "Neutron Scattering by 'Normal' Liquids" by P. G.

de Gennes on p- 239 of the 1960 proceedings). Also light scattering with



high-inténsity laser beams offers the possibility of measuring higher-
order correlation functions of diffusion velocities,

Studies of the inelastic Rayleigh scattefing are continuing to see
how small molecules can be and still be discerned by the.technique, and
to study critical phenomena in-other binary and pure fluids. Among pure
fluids, xenon is being studied in anini;ialexperiment, and'some time
will be spent on carBon dioxide, for checking our results against thoée
of other investigators. It is anticipated that critical studies will
be continued to other fluids, in order to get improved information on
the role of iniermolecular interactions on their dynamics.

Preliminary studies have been made of apparatus requirements for
doing Brillouin scattering in these same and other materials. A small
Fabry-Perot interferometer has been built and tested. It is planned to
explore especially the possibility of using photo-beating methods in
the Brillouin scattering, in order to obtain especially precise infor-
mation of line spacings and widths, the former being determined by the
velocity of hypersonic waves and the latter by the attenuation of these

waves,

B. Photon Counting and Coincidence Measurements of Correlations

When 1light from a monochromatic source of constant intensify
(sﬁable CW LASER) is scattered from fluctuating excitations in an
optical medium, the correlations'in the scattered electromagnetic field
contain information about the fluctuations that is readily accessible
to experimental measurement. Analog photo-beating techniques for studying

inelastic Rayleigh scattering have already been discussed in the preceding



section. When characteristic fluctuation times are very short and inten-
;ities low, so that only a few scattered photons are available during the
time for which a typical fluctuation persists, single photoelectron count-
ing and coincidence techniques offer a convenient method of obtaining.in—
formation about the fluctuations. Fast photoelectron-counting methods are
being developed in this laboratory by Dr, R. Detenbeck and Mr. R, Chang.
These will permit studies of short-time fluctuations in light scattered

by transparent media. The use of fast n-fold coincidence techniques per-
mits a convenient extension of the method of studies of Higher-order cor-
relations than the intensities (second order in amplitude) themselves.

One goal of the devel9pment is the study of fluctuations in light
scattered by transparent media due to excitations of very short lifetimes
(10_asec, or less). It has been suggested by A, L. Fetter1 that inten-
sity correlations in Raman-scattering light can be used to determine
optical phonon life-times. No measurements of optical phonén lifetimes
in the momentum region azcessible to optical Rﬁmén scattering have yet
been made, to the best of our knowledge.

Our initial equipment development has been directed towards less
ambitious goals where photoelectron-counting techniques can make impor-
tant immediate contributions to studies of the generation and propaga-
tion of laser light beams. In addition to studying the photon statis-
tics of light from the laser itself the photon counting and coincidence
techniques are about to be applied to measurements of diffusion of macro-
molecules, The difficulties encountered in extegding the analog tech-
‘niques to these measurements, short coherence times (of the order of 1073

-

sec.) and low scattered intensities, lead naturally to the use of fast

. o e e s e e o Ty e T AN e o T o T i i T T ) e o P

1. A. L., Fetter, Phys. Rev., 1394, 1616 (1965).




photon-counting and coincidence techniques. We have developed equipment
and techniques which greatiy extend our abilities in this area,

The development of equipment for the photon-counting intensity-
fluctuation experiments has been strongly influenced by our experience
in the optical-radar atmospheric-scattering experiment. In the context.
of the single-photoelectron-counting requirements of .the optical-radar
experiment, 100 MHz circuitry made by botﬂ Chronetics (Nanologic series)
and Edgerton Germeshausen and Grier (M100 series) was borrowed and eval-
uated, From these experiences there evolved a workable photdn—counting
system for the optical ranging and an indication of a "zero-order"
system for the study of intensity fluctuationsa

Instrumentation for the measurement of intensity-fluctuation cor-
relations by photon-counting and coincidence techniques has been under
develoﬁment since thg spring of 1966. Our preliminary system uses an
RCA type 7265 photomultiplier and EG&G 100MHz counting gquipment to
measure the number of photoelectrons counted during a gating time T
from a single phototube. Our analysis of this system, together with
bublished measurements on newer phototubes in&icates that this type .
of measurement is suitable for times T down to about 10_7— lO_8 seconds.
The electron collection time of the phbtomultiplier is the limiting
factor, Since the counting time must be shorter than the coherence
tiﬁe of the field, other (coinéidence) techniques are required to measure
fluctuations of shorter characteristic times. The instrumentation can
now make meaningful measurements with counting times T of one-half micro-
second or more., This is adequate for étudying fluctuations in laser radi-
ation and for studying diffusion of macromolecules, although more sophis-

ticated data-handling equipment is needed for the final measurements.



Additional work on the extension of these techniques to much shorter

time scales is under way.

III, OPTICAL RADAR MEASUREMENT OF MICROMETEORITE DENSITY IN THE

_UPPER_ATMOSPHERE

During the periods of October to December and February to April of

the past year, :m;hhighipowéfﬂfﬁ§§miééér éhdHEO" ﬁeleécéééfwefe ﬁééé

to measure the scattering cross-section of dust particles in the upper
atmosphere as a function of height. Results of the first period were
reported in Nature (see paper following). - Before the éecond period,
improvements were made to reduce the background noise and to extend the
lower limit of the height range from 80 km to 60 km. The results of
the second period showed marked improvement in these two respects and
confirmed our first results. The results of the second period have
not yet beén reported. These will be combined with the results of a
third run which is now in progress. dne final improvement to the
radar has bBeen made which further feduces the backgroﬁnd and which
extends the lower height limit to 40 km, Although there is still some
controversy in the literature as to the existence of these dust parti-
cies, we are confident of our results. This confidence is suéported
by recent in situ measurements of the particle size and the concentra-
tion of noctilucent clouds at 80 kme1 A communication of this support-

ing evidence is being readied for publication.

1. Hemenway, Soberman, and Witt, Tellus 16, 84 (1964).
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IV. STIMULATED ROTATIONAL RAMAN SCATTERING IN NITROGEN

The initial atfempts to observe the stimulated Raman scattefing
from rotational levels of Nitrogen did not succeed due to the large
beam divergence of the laser output., This is consistent with calcu-
lations of the thfeshold made by Dr. Alexander Glass (private communi-
cation). Attention was therefore placed on a study of the beam diver-
gence and its reduction; Measurements showed thatvthe present K2-Q
produced a laser output with 90% of its output within a full angle of
20 milliradians for both of the available laser crystals. Doubling
the length of the cavity halved this angle at the same output level.
However, observation of the stimulated scattering appears to fequire a

beam divergence of one milliradian or smaller, Thus additional means

for obtaiming the small beam divérgénce were sought. Two alternatives

presented themselves. The straightforward approach of converring the
KZQ to an’ amplifier-oscillator unit (K1500) which would provide the re-
qgired beam-was temporarily out of the question due to financial reasons
and to the need for the K2-Q in the optical radar work.

The other approach tried was the use of the recently observed
phenomenon of self—focusinglvto increase the length of the beam with-
in which a given power could produce the stimulated ﬁaman effect.
Although the threshold for self-focusing was lower than the power
output of many lasers, the effect had not yet been seen or studied

in air at one atm, Work was thus started to observe and make use of

1. Chiao, et al, Phys. Rev. Letters 13, 479 (1965).
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this phenomenon in air, However, the K2-Q output proved also to be
highly inhomogeneous in its spatial behavior, Correct location of
diaphragms left a uniform beam, but one whose power was below the
self-focusing threshold. No self-focusing effects were observed,
To obtain the necessary uniform beam, we must again consider the
conversion to an oscillator-amplifier laser system, Once this is
done, further attempts to observe both-the stimulated rotational

Raman scattering and the self-focusing phenomenon will be begun.,

V. PROPAGATION OF SHORT LASER PULSES

A, Precursor Waves

The relations of '"precursor waves" to the signal velocities of
light in various madia, in the theory of Brillouin and Sommerfeld
and its modern extensions, have beén under study. The theories have-
been applied in detail to the problem of actually observing precur;
sors experimentally in particular absorbing or amplifying (linear)
media. With state-of-the-art techniques in fast single pﬁoton timing
and present Q-switched or mode-locked LASERS, the‘precursor effects
would be unobservably small in the cases so far considered. Analysis
is continuing to ascertain the most general requirements for observable
precursor waves and to discover an optical marerial in which the effect
is observable with present techniques.

B. Generation of Short LASER Pulses

Experimental work has begun on a short-pulse generator consisting
of a He-Ne LASER with an internal variable loss. Driven at the correct
frequency, the internal loss serves to lock the many axial modes of .the

LASER, thereby producing short pulses (one nanosecond) as described by
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Hargrave et al.l The variable loss device is an ultrasonically driven
quartz block. The block and transducer have alfeady been designed and
purchased. They will shortly be placed within the optical cavity of a
LASER which was constructed in our laboratory and mounted on a flat, vi-
bration-free table built for this experiment.

We have twc primarybmotivations for»developing this type of short-
pulse gen=rator, Long—rénge plans include modification of the LASER to
the ring type, and investigation of the effects of the variable-loss
device in that configuration. More immediately, we are preparing to
compare measurements of pulse lengths made by conventional and uncon-
ventional techniques in the nanosecond region where both are applicable.
This comparison will aid in intepretation of measurements of ultrashort
(picosecond) pulses, such as those reported by De Maria et a1~2 A crystal
to generate the second harmonic of the laser line, which can be used to
infer the width of even the ultrashort pulses, has been ordered. Also, a
scanning Fabry-Perot interferometer_has been assembled to measure the
number of modes which are locked. Conventional means of measuring pulse
widths in time can be applied to the same nanosecond pulses from the He-

.

Ne LASER measured by the second-harmonic technique.

VI. DYNAMICAL COMPUTATION OF PHOTON CORRELATIONS AND COUNTING STATISTICS

A theoretical investigation is being made of the photon correlations

1, L, E. Hargrave, R. L. Fork, and M, A. Pollack, Applied Phys. Lettrs.
S5, 4 (1964), :

2. A, J. De Maria, D, A. Stetsen, and H. Heynau, Paper 4A-7 presented
at the 1966 International Conference on Quantum Electronics at
Phoenix Arizona, See the April 1966 issue of the IEEE Journal of
Quantum Electronics, QE-2, No. 4, for a digest of the paper. Selected

papars from the conference will be presented in full in fall 1966 issues

of the same.journal,
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and photon-counting statistics in the electromagnetic field from arbitrary
sources. The treatment is fully quantum-mechanical in the dynamic source-

field interaction. Following this report is a”i_;¢6pyi“ of a paper just
now being submitted for publication. Work is continuing on the applica-

tions of these techniques to several problems, including LASERS and the

study of matter through its interaction with highly coherent light beams,

VII, INSTABILITIES AND MODE LOCKING PHENOMENA

A square~ring He-Ne LASER of 5.5 meter periphery has been under
study in this laboratory for many months. During the last few months
we have constructed and studied the behavior of an even larger ring of
10 meter circumference, built on a stable foundation, operating in a con~-
tro}led dust-free atmosphere, as a preliminary to construction of a 40
meter ring on the very stable floor of the presently unused cyclotron
experimental area, The large'ring LASERS offer promise as precision tools
for the ﬁeasurement of angular velocities and the Fresnel drag for light
in moving media, if the mode interactions in these LASERS can be well under-
stood. Our results with the 10 meter ring make it clear that the mode inter-
actions, when the 1oﬁgitudina1 mode spacing is smaller than the natural
linewidth of the transition, offer a rich variety of interesting phenomena
in themselves.,

In the 5.5 meter ring contrarotating beams of equal intensity were
* stable, although their frequencies locked for small LASER rotation rates.
In the 10 meter ring mode interactions lead to a new effect, a bistable
ondition in which either one or the other oppositely rotating components
has nearly all of the total energy. The effect is ascribed to strong inter-

actions among adjacent longitudinal modes, whose frequency separations in
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the 10 meter LASER are smaller than the atomic linewidth.

The bistable effect is most pronounced at high power levels
(~0.5 mW.), Additional evidence of strong adjacent-mode interaction
is also observed in the behavior of this LASER at very low power levels,
At low levels both beams are of eqﬁal intensity, but a fixed.phase rela-
tionship among modes results in the production of short pulseé. The
mode-locked-pulse spacihgs at low power levels have been measured as
33, 16, and 11 nanoseconds under various operating conditions, corre-
sponding to beats between adjacent longitudinal modes (30 MHz spacing),
every second mode, and every third mode.. At medium power lgvels the
LASER is not quite bistable, alternating r;ndomly between dominance by
one direction or the other.

It is perhaps not surprising that different transverse modes, which
use different spatial regions of the gas, do>not compete, Even when
operating in a bistable condition for the dominant TEM00 mode, the LASER
may show a much weaker high-order-mode beam in the opposite direction
from the main beam,

The 10 meter ring, operated on the very stéble 6 foot thick concrete
floor of the cyclotron experimental area, has been dismantled to make
way for recent cyclotron comstruction. Additional space has been obtained
on the concrete floor of the upper experimental room of the cyclotronlcom—
Plex, which will be available for LASER experiments for at least a year.
Work has begun on construction iﬁ this place of the 40 meter ring laser,
using an evacuated beam path, Many of the vacuum components (adjustable
Qirror boxes, etc.) have been completed, and leak testing and sealing is
just being completed. The study of mode interactions will continue with

this facility.
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VIII. STABLE CW He-Ne GAS LASER

| Associate Professor Urs Hochuli of the Department of Electrical
Engineering is developing a highly stable (both frequency and amplitude)
Ccw ga; LASER, using a unique mounting for the cavity mirrors that minimizes
thetmal and vibrational length changes affecting cavity tuning. Most of the
wofk is being carried out in the Electrical Engineering Department with ONR
support, but some support has come from the NASA laser physics grant through
Dr. Hochuli's close collaboration with our program.

In the LASER under development the mirror spacer is constructed of a
low temperature-coefficient, thermally compensated ceramic material, suspended
in a vacuum in a mounting similar to that devised by Drs. Weber and Zipoy of
this department for their experiments on gravitétional radiation. A cold- -
cathode DC.discharge is_gégqto excite the gas Vith minimum input power. The
problem of developing cathodes which operate stably in the discharge over
long periods of time has been solved.1 Gas dischargeé have been operated for
more than 14,000 hours and one has been "lasing" for more than 11,000 houfs
with a total gas volume of 30 cm3. The application of these electrodes to

He-Ne LASERS on a larger scale and to CO, LASERS is being studied.

2
The choice of a low-expansion ceramic material, for operation under
electfon and ion bombardment in the discharge without contamination of the
gas, 1s an important objective of present research. Other factors affecting
the stability of the gas discharge in a LASER (both long-term and short-term)

are under study. Important among these is the control of plasma oscillations

within the discharge.

1. U. Hochuli and P. Haldemann, Rev. Sci. Instr. 36, 1493 (1965).
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IX. LASER RANGING TO OPTICAL RETRO-REFLECTORS ON THE MOON

Further detailed analyses of the scientific and technical aspects of .
this experiment have been made by the Univeréity of Maryland group and the
co-investigators at several other universities. iﬁ;éé;egg}écit proposal to
NASA. These were:

Lunar Size and Orbit, by Dirk Brouwer, Yale University
(Professor Brouwer died in January, 1966)

Motion of the Moon about its Center of Gravity, by Gordon
MacDonald, UCLA

A Relativity Test, by R. H, Dicke, Princeton University
Geophysical Information Obtainable from Lunar Distance
Measurements, by P, L. Bender, Joint Institute for Laboratory

Astrophysics of NBS and Unlver51ty of Colorado

Requirements for Frequency of Observation by Laser Tracklng of
the Moon, by W. M. Kaula, UCLA

Signal to Noise Analysis, by H. Richard (Goddard Space Flight
Center), S. K. Poultney and C. O. Alley, University of Maryland.

Design and Testing of Lunar Retro- reflectlng Systems, by J. E.
Faller, Wesleyan University.

Discussion of Short Pulse Ruby Laser System, by S. K. Poultney
and C. 0. Alley, University of Maryland -

The experiment has received the strong endorsement of NASA Headquarters,
and some initial funding has beeh provided. It is hoped that the measurements
can be begun with the first Apollo landing. The Perkin-Elmer Company is now
under subcontract to the University of Maryland to assist in the optical
design of the experiment. Testshave been completed to establish the predicted
performance of 1 1/2" solid fused silica corner reflectors in the simulated
lunar environment using a space simulator at the Goddard Space Flight Center.

The far-field diffraction pattern éf a corner reflector has been studied
theoretic;lly (for arbitrary phases and amplitudes at each reflection) and experi-

mentally (for several types of reflecting surfaces). The investigation is
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motivated by the possibility of‘"optical radar" range measurements using
corner reflectors on the moon and a LASER transmitter on the earth.'
Quantitative information on the concentration of the return signal is of
great importance in the system design.

Exact expressions have been obfained for the amplitudes of both
polarization components in the far-field diffraction pattern of a corner
illuminated by a linearly éolarized axial .beam. Computer calculations of
intensity patterns for a wide choice of corner parameters (arbitrary in

the general theory) are under way.
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. Optical Radar Using a Corner 'Reﬂector on the Moon

C 0. ALLEY‘ P. L. Benoer,? R. H. Dicke? J. E. FaLLer? P. A. FRANKEN,
-H. H. ProtrIN, axp D. T. Wn.m\so\‘ .

In a recent letter Flunt [1964] described a

microwave transponder that can be landed on
the moon and that can be uscd, in conjunction

with a modified Glotrac station, to measure the -
- distance between station and landing site. He

also suggests several interesting measurcments
that could be made on the earth-moon system if

. the range accuracy were sufficiently well de-

veloped. The purpose of this letter is to point

out the capabilitics and possible advantages of
an optical radar system which uses a comer |

reflector on the moon’s surface,
Smullin and Fiocco [1962] have demonstrated

that laser beams can be scattered from the -

moon’s surface and detected back at the earth;
however, the return signals were too weak and
too spread out (in time) to be uscd for pre-
cision ranging. Hoffman et al [1960] have pointed
out the advantages of using corner reflectors on
an artificial satellite to permit precision track-
ing. More recently, Plotkin [1964] has described
an optical radar system that is capable of mak-
ing precision range measurcments to satellites
which have been equipped with corner reflectors.

A typical optical radar system is shown

‘schematically in Figure 1. The laser bcam”

(pulsed or continuous wave) is sent through a
transmitting telescope which tracks the corner
reflector on the moon’s surface. A small part of
the reflected light is collected by the receiving
telescope, which also tracks the reflector. (If a
single telescope with a T/R switch is used, there
is some sacrifice of reccived intensity owing to

*Department of Physics, University of Mary-

land, College Park, Maryland.

3Jomt Institute for Laboratory Astrophysics,
Boulder, Colorado.

# Palmer Physical Laboratory, Princeton Uni-
versity, Princeton, New Jersey.

¢ Department of Physics, Unnér;nty of Michi-

gan, Ann Arbor, Michigan.

8 Goddard Space Flwht Center, National Acro-
nautics and Sp'\ce Admmxstratxon Greenbelt,
Maryland. :

veloeity abberat’- ) The corrclator measures
the light travel uime Lo tue iofcctor and back.
The efficiency of such a system, that is, the
ratio of the number of reccived to the number

_of transmitted photons, is givcn approximately .

by

lA’D,-’D,, 2
n= 3o, T

where

A is effcctive arca of thc corner reflector,
/150 cm?.
r is range to the corner reflector, 3.7 X 10%°
em. .
\ is wavelength of laser light, =7 X 10-* cm.
_ 8 is angular radius of laser beam dwcr"cnce,
~410-3 rad.
Dj is diameter of receiving telescope, 22100 ¢m.
Dy is diameter of transmitting telescope, R2100
cm. '
D¢ is diameter of laser rod, &2 cm.

T, is tran;nu»xon throu"h the atmosphere,”

T is tra.nsmxasxon through optlca.l elements,
~30%. .

For a system having the parameters given -

above, the efficicney is ~3.3 X 10™; thus, we
see the need for a high power laser as the light

source. The expeeted return from the corner re-

fiector is some 100 times stronger than that due
to diffuse scattering by the lunar surface.

For pulsed radar applications, a Q-switched

ruby laser can be used as the light source. The
parameters used above for estimating n are
typical of a system employing a ruby laser
which is available commercially and is capable
"of delivering 10" photons in a pulse of 10™* sec-
ond duration. With this laser as the light source
and with a detector of 3% quantum efficiency,
we estimate a return signal of 1 photoclectron
per transmitted pulse. Therefore, the probabil-
ity of getting a return signal from a given trans-

2267
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- Fig.1. A typical optical radar system.

mitted pulse is quite high. Furthermore, each
measured return gives the light travel time to
the corner reflector and back with an accuracy
of 10~ second (4 parts in 10°).

Background noise in the receiver comes mostly
from sunlight which has been scattered from

" the moon’s surface or from the earth’s at-
" mosphere. The estimated background noise for

the system described above and for the corner

. reflector in sunlight is 10° photoelcctrons per

gecond for a 10 A optical bandwidth. However,
the effective signal to noise ratio can be en-
hanced by gating the receiver output with a

" pulse whose turn-on time is controlled by ephe-

meris predictions and whose width is sufficient
to cover uncertainties in the ephemeris. Back-
ground noise and uncertainties in the gating

.- ephemeris are such that the return signal would

have to be located initially by nighttime obser-

.vations of a corner reflector on the dark part of

the moon. However, these measurcments could

L A . L UL X RS STy, AU . |
7 D€ used L0 Lnprove ae Zavng eplcuiclis ana

reduce the gate width to the point where rang-

_ ing to a sunlit corner reflector would be possible.

The nature of the major uncertainties that oc-
cur in the gating ephemeris are such that this
improvement would go rapidly.

The corner reflector and its mounting must
be designed carefully in order to avoid en-

" vironmental problems on the moon's surface.

Large temperature excursions, damage from
radiation, and the possibility of dust being cast

“up by the vehicle landing are some of the prob-

lems that must be considered. If the corner
reflector is mounted atop a soft-landing vehicle
whose -destination is near the center of the
moon’s disk, then an orientation mechanism is
not required. For vehicles landing far from the
disk center, the corner reflector would necd to
be reoriented after landing or, alternatively,
an array of corner reflectors could be used. An
effective area of 150 cm? which was used in our
estimation of %, corresponds to a corner reflec-
tor, of the type described by Hofimann et al,,
with an edge length of 16.2 em and with opti-
mum orientation. This corner reflector, exclu-
sive of the mounting, would weigh about 1.5

. kg if made of solid quartz, and less if made from
" orthogonal plane mirrors.

The passivity and the expected reliability of

the corner reﬂector and the high accuracy of the

Al
\)yul.u.n Au.naxua S ..c be ”’"‘ ”‘"'“F aﬁvnn(’nnne

of this system over the transponder system dc-
scribed by -Hunt.

The optical radar system could bc used to ob-
tain important information in several fields of

-study. A few mterestmﬂ' measurements are listed

below.
1. Lunar size and orbit. A comparison of the
measured and theoretical range over long .pe-
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. rtiods of time can be used to measure the radius
* of the moon at the corner reflector position and,

" also, to give an accurate check on lunar orbxt

2. Geodesy. Slmultaneous ranging by several

_ stations, with known geographical positions,

could be used to measure the size and shape of
the earth. Also, a connection could be estab-
lished between the American and European
geodesic networks., -

»3. Lunar librations. With three or more cor-

.per reflectors on the moon, whose ranges could
" be measured simultaneously from a single radar

station, the amplitudes and periods of the Iunar
liberations could be measured with high ac-
curacy.

4. Reckoning of ephemeris time. After the
librations have been measured, a corner re-

" flector could be used as a fiducial point to be

located with respect to the star background for

purposes of reckoning ephemeris time.

8. Improvement of landing site location. The

returning laser light has essentially been reflected:
“from a point on the moon’s surface. This should
" permit_accurate location of the corner reflector,

tolative to known surface features, by photo-
graphic and/or photoelectric techniques. )

6. Gravitational waves. A long time scries of
range measurements could be scarched for dis-

" turbances or periods which are not explained

by the perturbations contained in the lunar
theory. Such effects, if seen, might be identified

with gravitational wave effects. '
. The caliber of the measurcments in this list
seems to us to warrant a careful consideration
of the problems involved in including corner
reflectors on some of the lunar vehicles now
being planned. -
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Optical Radar Detection of Backscattering
" from the Upper Atmosphere (75-160 km)
AN optical radar system has recently. been used to
detect and study backscattering from the upper atmo-
sphere (75-160 km). Although a much more detailed
investigation is in progress, our preliminary results seem

‘to indicate rough agreement with those of Fiocco and

Smullin!. These authors suggested micrometeorites as a
source of the echoes. When observations were made for
brief time intervals (0-5 h or less), peaks were sometimes
observed in the return-signal profiles. It should be noted,
however, that when averaged over a period of several
hours the return signal tends to become relatively smooth.
It would seem, therefore, that the altitudes of the scatter-
ing layers, if they exist, fluctuate rapidly with time. The
total scattering cross-section at 6943 A observed by us
is of the same order of magnitude as that reported by
Fiocco and Colombo? (Na as 10-12 cm-1).

The optical radar consists of a Korad K-2Q ruby laser
which is capable of producing single pulses containing
6-10 J at 6943 A with a width of 10 nsec and a beam
divergence of no more than 10 milliradians. The ruby is

8in. long, 5/8 in. in diameter and is surrounded by a helical.

filash lamp. @-spoiling is achieved by means of a Kerr
cell. The laser pulse is brought to a focus at a 1/8 in.
diameter aperture in a rotating mirror. The aperture is
located in the focal plane of the University of Maryland’s
20-in. reflector, which is a Broken Cassegrain with a 300-in.
effective focal length. The beam divergence of the light

leaving the telescope is less than 0-4 milliradians. In

order to prevent air breakdown, the rotating mirror is
installed in a chamber which is evacuated to a pressure of
about 10y mereury. An average energy of 1-0 J per pulse
was sent into the atmosphere. Each laser pulse was
monitored for proper firing time and for pulse amplitude.
The return signal from the telescope is reflected by the
rotating mirror to the cathode of a cooled EM.I. 9558B
photomultiplier tube (§-20 cathode) which is gated off
during the actual laser firing. A 10 A pass-band inter-
ference filter was used in the experiment.

Due to the small magnitude of the signal, the experiment

consists of counting individual photoelectrons. The
pulses are processed by Chroneties Nanologic Moduies and
sent through logic circuits® to an ‘on-line’ CDC 160 com-
puter which is programmed? to store the counts from each
altitude interval. At present the system is capable of
obtaining an atmospheric scattering profile, for each laser
pulse, with an altitude resolution of 2-5 km.

« All measurements were made at College Park, Maryland
(76° 57" W. long., 39° N. lat.), while looking at the zenith.




Figs. 1 and 2 give the results for two m'ghté out of five
- for which we have obtained data. Fig. 1 shows the result
of a series of shots taken during a short time interval. The

scattering appears to be enhanced over the altitude

ranges from 100 to 125 k. The total number of counts
received (in 10 pulses) from 75 to 150 km was 2,240.
The background was 350 counts. The number of photo-
electrons due to backscattering is thus 1,890 with a mean
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error of 51 due to statistical uncertainty. Fig. 2 is the
average of 100 laser pulses, over a period of 4 h, on a
different night. The magnitude of the return signal is
much lower than in Fig. 1 and no peaks are present. For
the range 75-150 km we have: a total return of 5,070
counts, a background of 3,330 counts, a backscattering
of 1,740 counts with a mean error of 147 counts. The
high background is due to the fact that we use the same
optical path for both transmitting and receiving. It is
difficult to shield the phototube completely from the high
light-levels present and from ruby fluorescence. Back-
grqund measurements were made, during observations,
by placing a black cloth over the end of the telescope
tube. :
~We thank Prof. 8. F. Singer for his encouragement and
advice. This work was supported, in part, by the U.S.
Weather Bureau under grant WBG@-4-FY-64 Advanced
Research Projects Agency contract SD-101, National
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002-022 and Bureau of Ships contract NOhsr 72710.
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Cold Cathodes for Possible Use in 6328 A Single Mode He-Ne Gas Lasers*

. U. HocroLr anp P. HALDEMANN
University of Maryland, College Park, Maryland 20742
(Received 9 April 1965; and in final form, 15 June 1965)

Properly dimensioned aluminum cold cathodes promise single mode 6328 A He-Ne gas laser lifetimes exceeding
3000 h with total gas volumes of only 50 cm3. These cathodes are simple, rugged, and require only about 0.5 W
for an emission current of 5 mA dc. Beryllium cold cathodes may be even better but more time is needed for their

evaluation.

HE single mode 6328 A gas laser usually works with

a 5 to 1 He-Ne gas mixture under a total pressure

of 3 Torr. With dc excitation the voltage drop across the
1 mm capillary discharge tube of 5 cm length is approxi-
mately 450 V for a current of 5 mA. Cold cathodes, having
a cathode drop of about 100 V, require only half a watt for
the emission of 5 mA. They become very attractive if the
following conditions can be met: (a) yield a lifetime of
several thousand hours with a total gas volume of 50 cm?;
(b) very low deposits due to sputtering; and (c) reasonably
constant -voltage drop and gas mixture ratio over its
lifetime. :
Suitable cathode surfaces usually considered can be

TasLE I. Discharge life for different cathode diameters d,
=3 Torr He—Ne 5:1, I=5 mA dc, gas volume =50 cm?,

Diameter Lifetime
in mm Mg
3.2 24h
17.(5) 190h
lé:O 1500 b ;33000000 g} see Fig. 3
220 >3000 h

* Supported in part by the U. S. Office of Naval Research and the
Advanced Research Project Agency.

divided into 3 groups: (1) earth alkali oxide coated surfaces
such as BaO layers used in neon sign electrodes; (2) metals
such as Mo, or Nb, or Zr that give very reliable cathode

falls once the surfaces are sputtered clean'?; (3) metals -

such as Al, Mg, or Be that have thin oxide films.

None of our test discharges from cathodes in the first
two groups listed had a longer life than about 500 h under
the conditions given.

It is well known that electrodes of group 3 have a low
sputtering rate as long as the oxide films are present.3# To
preserve the oxide layer we have tried to reduce the current
density by avoiding hollow cathodes with small diameters.
The results are shown in Table I.

/- OOSERWATION HOLES OMITTED FOR LIFE TESTS

/ PVREX ENVELOPE
CATHOOE CYLINOER

Fic. 1. Cross section of a typical discharge tube.

1F,. M. Penning, J. H. A. Moubis, and T. Jurriaanse, Philips Res.
Rept. 1, 119, 223 107 (1946).

1A, D. Whlte,] Appl. Phys. 30, 711 (1959).

3W. Espe and M. Knoll, Werkstoﬁkundc der Hochvakuumtechnik
(Sprmger Berlm 1936), pp. '77 and 81.

+P. D.'Kueck and A. K. Brewer, Rev. Sci. Instr. 3, 127 (1932).
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115 mm Al CATHODE, He:Ne 5:1, CATHODE CURRENT AS PARAMETER He:Ne 51, CATHOOE CURRENT SmA de

. ] e-nSmm Al (TYPE 1100) CATHODE
oF E GAS VOLUME 42 cm?

3.5p- x~I6mm Al (REYNOLDS WRAP)
Tei128mA DC CATHMODE, GAS VOLUME S3 cm®
i s
! /—-‘\-

L 1 L 1
0 [ 2 3 4
Yorr 2 1 L 1
0 1000 2000 3000
t(h
16 mm Al CATHODE, He:Ne 51, CURRENT AS PARAMETER - F16. 3. Pressure vs time.

i /—M.\\ | Figure 1 shows the cross section of a typical discharge
© ;:—L\\\\ tube. Figure 2 gives the length of electrodes covered with
/———H—L\\Q the cathode glow as seen by visual inspection through small

Licm)

‘ L holes along the cathodes.
: s ‘75\\— & Figure 3 shows pressure-time curves for two dlfferent
: electrode diameters.

The fact that the intensity ratio of the 6402 A Ne and
3888 A He lines stayed practically the same for the 11.5
end 16 mm electrodes is an indication that the composition .
of the gas mixture was approximately constant over a
period of 3000 h. The total discharge voltage variation
stayed within 30 V over this period of time.

173 mA & Life tests on 22 mm Al cathodes and on an 18 mm Be
cathode are being conducted but it may take several
thousand hours before any firm conclusions can be drawn.

/_\\\ An 11.5 mm Al electrode has been used in an actual

oL & i laser and has so far given satisfactory service for 3000 h
/_\\ with a gas volume of 30 cm?. This laser had a 3He:* Ne

_ \ ’ isotope filling and the total discharge voltage stayed within

10 V over thlS period of time.

\ } Note added in proof. The pressure of the 11. S mm test
electrode was 2.63 Torr after 6300 h, and the laser was still
— L L L 3 working satisfactorily after 4500 h. The 16 mm electrode

- died after 4000 h, indicating that Reymolds wrap is not
Fi6. 2. Cathode glow length vs total pressure p. “petforming as well as type 1100 Al

Torr

23 mm Al CATHOOE, He:Ne 5:1, CURRENT AS PARAMETER

Lim)

(=) w [t]
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Single Mode He-Ne Gas Lasers
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HEMICAL analysis showed that the 3.2, 7, and 11.5
-mm cold cathodes are of the type 2024 aluminum
and not of type 1100 as indicated.
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ONSET OF LONG-RANGE ORDER IN A CRITICAL SOLUTION OF MACROMOLECULES*
J. A, White, J. S. Osmundson, and B. H. Ahn

University of Maryland, College Park, Maryland
(Received 4 March 1966)

Diffusion broadening has been observed in the
inelastic scattering of monochromatic light off
a binary fluid, cyclohexane-polystyrene, near
its critical point for mixing. The broadening
a few tenths of a degree above the critical tem-
perature is an order of magnitude less than in
a binary mixture of small molecules (cyclohex-
ane-aniline)! and two orders of magnitude less
than in a pure fluid (SF,).?> The dependence of
the broadening on scattering angle agrees with
that found for the other fluids,? 2 and with ex-
pectation®; but its increase with rising tem-
perature is less rapid than for these fluids,
being less than linear in AT.

The method used was substantlally that of
Benedek.% 2 A 12-mm diameter cylindrical
sample of cyclohexane containing 6.5% by vol-
ume National Bureau of Standards standard

LR DR X R o ol o A B

a8 severve

i

705 polystyrene, with narrow molecular-weight

- distribution,® was irradiated with monochro-

matic light at 6328 A from a He:Ne laser. Light
scattered at an angle 6 with respect to the in-
cident direction was detected at a photomul-
tiplier, where interference between the differ-
ent frequency components in the scattered

light produced a fluctuating photoemission. The
noise spectrum of the amplified photocurrent,
with dc component suppressed, was analyzed
into its frequency components using a spectrum
analyzer (Nelson-Ross type 011) with a reso- .
lution of 10 Hz.

Photographs of typical spectra are displayed
in Fig. 1. Each photograph shows the digitized
average of the noise amplitudes obtained in
about 100 sweeps through the spectrum, each
of 8 sec duration. An ND-800 Enhancetron

FIG. 1. Oscilloscope traces of digitized and time-averaged spectra of noise currents produced by the inelastical-
ly scattered light. (a) § =40°, T~T4 =0.3°C, marker pips at 150 Hz. (b) § =80°, T~Tg =4.0°C, marker pips at
£1000 Hz. The solid curves are square-root Lorentzians fitted to the data, Suppression of low-frequency compo-
nents and some drift of the heterodyne frequency of the spectrum analyzer account for the depression in the center
of the narrower spectrum [part (a)]. Spectra obtained at 8 =20° and AT < 2°C are about as clean ag that in (a),
though narrower for small AT and therefore more susceptible to drift.

E522 1-4 ' 639
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was used to perform the average.

The noise spectra have approximately square-~
root Lorentzian shape, as found for a pure
fluid by Benedek and Ford,? and as required?
for a Lorentzian spectrum of optical frequen-
cies in the scattered light. The observed shape
is consistent with exponential relaxation® of
the fluctuations in concentration responsible
for the inelastic scattering,.

Assuming the scattered light has Lorentzian
profile, its spectral width, or the reciprocal
of the relaxation time multiplied by 7, is equal
to the half-width at half-amplitude of the de-
tected noise current, divided by v3. (The noise
current is proportional to the square root of
the noise energy; the spectrum of the latter
is Lorentzian, with half-width equal to the full
width of the spectrum of the scattered light.2)
The spectral widths deduced in this way from
the observed noise amplitudes are displayed
in Fig. 2. The data are for scattering angles
of 20°, 40°, 80° and for temperatures 0.05
to 30°C above the temperature T g =24.28°C
=T, rit at which the phases separated. The
data may be represented approximately, as
indicated by the solid lines in Fig. 2, by the
semiempirical equation

Av=2.6[(27/2)sin(6/2)]%(T-T)** Hz, (1)

in which 2 =0.44 is the wavelength of the light in
the fluid, expressed in microns. In this equa-
tion the angular dependence is that expected

‘theoretically for isotropic diffusion?®; the co-

efficient 2.6 and the exponent in the tempera-
ture factor have been chosen arbitrarily. (They
best fit the data for 6=20° and T-T; <16°C.)
Although the agreement is not perfect, it is
evident that the observed broadening conforms
at least approximately to the sin®(6/2) depen-
dence expected theoretically, The observed de-
pendence of the broadening on temperature, how-
ever, is not even approximately represented by

" linearity in T-Tit, as expected on classical

theory for small molecules® and shovw.n by the
dotted line in Fig. 2; rather, the breadth of the
scattered line increases significantly less rap-
idly than linearly, the proportionality being more
nearly to the square root of T-Tyg.

No striking deviation from linearity in T-Tg
was observed for the intensity (d¢ component)
of the scattered light. Within the range 0.1-
2°C above T the reciprocal intensity was found
to vary approximately (within~10%) as 2+ 17

(T=-Tg), 3.5+24(T-Tg), 5+20(T-Tg), in arbi-

trary units, at 8=20° 40°, 80°, respectively.®
The over-all dependence,

(6, T)=C(0)[0.38sin(6/2) + (T-T_ +0.1)], (2) .

LIS B SR g | T

L

Av (H2)

LI SRR |

S WS |

TN |

& §:80°
o §:40°
® 8-20°

Ty +24.28°C

T WYY |

1 T U —L |t

sk *

10 %0

T-T, (C)

FIG. 2. Spectral width of the scattered light as a function of temperature and scattering angle Dotted line in-

dicates linearity in T-T;.

640

Solid lines are given in Eq. (2), dashed curves by Eq. (3).
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agrees with that predicted by Debye” for a crit-
ical mixture with critical temperature T
=T¢-0.1°C.2

Some decrease in the rate of growth of the
spectral width of the scattered light can be ex-
pected at high temperatures, owing to the limit
on disorder imposed by the finite extent of in-
dividual polymer molecules. These molecules,
of average molecular weight M =180000,% at in-
finite dilution have an end-end extenswn given
by the empirical relation L2=0. 47M (A"’) ?or
radius of gyration »=L/¥6=120A. From the
observations of Cummins, Knable, and Yeh!?
of the broadening for somewhat larger latex
spheres suspended in dilute solution in water,
the limiting breadth due to Brownian diffusion

crit

. of spheres of this radius in cyclohexane (with

viscosity 0.6 that of water) is found on extrap-
olation to be ~250 Hz for 6=20° and larger in
proportion to sin*(8/2) for the other angles.
The value thus estimated is considerably larger
at 6=20° than the ~100 Hz which seems to be
approached experimentally at this angle at high
T. The estimate is a crude one, however, and
probably gives too large a value for the Brown-
ian diffusion, and hence for the linewidth, as it
neglects interactions between the polymer mol-
ecules. Such interactions are certainly signif-
icant in the nondilute solution used in our inves-
tigations, 1!

It is tempting, in view of the possible offset of
T.rit from T and approach to a limiting Av at
high T, to try to reanalyze the data in Fig. 2
assuming that the breadth at first increases
linearly with T-T orit, Teopit#Ts» then, far from
Terit, approaches a constant limiting value. If
these features are combined by modifying Eq. (1)
to read as follows:

197 a2 T-T

" ‘e
A .,
v= 26( S"‘z) 1+0.13(7-T ) Hz,

(3)
with T, =T -0.15, then as good a {it to the data
is obtained (dashed curves in Fig. 2) as with Eq.
(1). The offset assumed here, Ts-T . pit=0-15°C,
is consistent with that used in Eq. (2). The limit-

ing breadth,
2r . 6\?
Ay 20( Y smz) Hz,

is not much greater than the breadth found ex-
perimentally at T =50°C.12
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For example, over large intervals of temperature Brownian diffusion and hence require the use of a
- noncompensating changes in viscosity and molecular . “limiting breadth” which itself is a function of tem-
extension might cause discernable changes in the perature.
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ABSTRACT

Equations of motion are derived for generating functions
of field correlations 4nd detector counting probabilities for an
arbitrary‘system of electromégnetic fields in the presence of
their sources. For a system with linear comstitutive relations
the equations are solved exactly. Such systems are shown to be
always Gaussian and some representative counting distributions
are computed. .A perturbative treatm;nt of a éystem with a cubic
nonlinearity in its constitutive relation is méde'to find the
counting distribution to first~order in the nonlinear coefficient.
A coﬁparison is made with the below threshold limit of a recent

laser fluctuation theory and a possible application to measure-

ment of phonon-phonon interactions is mentioned.



- I. INTRODUCTION

There has recently been a great deal of work, both
theoreticall-3 and experimental4 on the statistics of photoelectron
counting associated with varidus types of light sources. Cbunting
experiments can serve as a useful diagnostic tool to study the ™
properties of the éystep in which .the light is generated or systems
from which it might scatter. There have been two main lines of ap-
proach to the calculation of counting statistics. The treatment of
thermal or "natural' sources has been essentially kinematical, dealing
with the freely propagating electromagnetic fiélds in a source free
region and invoking either a spécial form for the system's density
matrix2 or an assumption about the "chaotic"l nature of the field
sources. Calculations concerning lasers3, on the other hand, have
involved detailed dymamical consideration of particular models.

We discuss here a more general dynamical approach, based on
techniques which have been useful in Quantum Field Theory and Solid
State Physicss, which should be useful in the analysis of many
systems. We write equations of motion for the generating functions
of correlations or counting probabilities for an arbitrary system
of interacting elgctromagnetic fields in the presence of their
séurces (and scatterers), different systems being distinguished
according to the form of the field—s;urce interaction. Two cases
are treated in some detail. For a system with linear constitutive

relations for the electromagnetic field the equations of motion are



exaétly intégrable apd we show that linear systems are always
Gausgian, in_the sense that all correlation functions are ex-
pressible in terms of products of the two point correlation in
the usual way6. We go on to integrate the equation for the
coﬁnting érobabilitieé in ; linear system in the presence of a
prescribed current and find égreement with some previous calcu-
lations of GlauBerlD. .

Th; exact integrability of a linear system makes it con-
venient as a base for a pertuébative treatment of ; nonlinear
system when the deviation from linearity canibe considered small.
We make such a perturbative expansion of the correlation functions_l
and counting probabilities for a sygtem with a small cubic term in
the constitutive equation, to lowegt order in the -strength of the’
cubic term. A comparison of the results with the below threshold
limit of a previous calculation7 concerning gas lasers is made,

and the possible applicability of this calculation to a proposed

experiment8 on Raman scattering is mentioned.



II. DYNAMICAL APPROACH

To illustrate our approach we first consider equations for
a simple generating function of field correlations and show
how they are integrated in the linear case. The functional F{j}

is defined byg’l0

DR} = <(exp (1) fdtd% RGO Iy
. c=+’_

where A(x) z A(rt) is the transverse vector potential operator
.in ghe Heisenberg picture. The superscripts & help tﬁ define the
~ operator ordering. Operators with supefscript (+) stand to the
-right in the operator product and are positively time ordered.
Operators with ¢ = (-) stand to the left and afe inversely time
ordered. The bfacket_stands for the usual expectation value.
That is

<0> =& tr p0 (2)

where p is some density matrix characterizing the system. The
arbitrary function 'jc(x) is the argument of our functiomal F.
. Field correlation functions are obtained from F{j} through the

. ]
relations <

"™ F(4) -
Gj-(xl) e e8i-(x) 5j+(x'l) cee8it(x ")

= ‘it_n-n< (A(xl)... A(?Cn) ).
j=0

(A DA > ()



Now, following GlauberlB’C

to show14 that the nth factorial moment of the photon counting

and Kelley’and'Kleiner;a it is easy

distribution is given by the expression

. ) n
<gi/(C—n)!> = [dx coedx dx '.oidx ' M g(x,,x,") x
o 1 n 1 n el 3°73
x <(A(x1)...A(xn)),(A(a<1')..;A(xn'))+> ).
where g(fi,r't') = ¢(rt) ¢(r't")s(r-x") [ %% g(r,m)e'iw(t-t')
- - (5)

The function ¢(rt) 1s zero or one depending on whether the part
of the detector at r is off or on at time t.ls and g(rw) is the
detect;r sensitivity at r and freqﬁency w. .Then, comparing (3)
with (4) we see that the generating functional F{j} generates
all the correlation functions of interest in counting experiments.
It therefore contains all the information about the system that
can be obtained from such experiments. |

Now from Maxwell's equétions and tﬁe electromagnetic field

.commutation relations we can write

( d—gi - czvz) Aal> 2 0 At = IR+ (6)
where
A%(x)> ¥ -1z slog F{§}/63°x) (7).
Padto> B <@C0o explt | fdx' £'3% A O h >
' o=t o

(8)



ané J(x) 1s the appropriate current operator for the syéteh.

As in any discussion of electromagnetism, Maxwellb equations are
empty of content until they are supplemented with appropriate
constitutive equations. In the present context Eqs. (6) and (7)
will be a complete description of the system when the relation-
iship between <J> and <A> is specified. The nature of this
relationship must, of Course, be &efermined through detailed
microscopic analysis of the matter-field interaction in any
particular case. It is interesting, however, to study the con-
sequences of assumed forms for this relatiomship.

A type of constitutive relation of particular interest
is the linear one, as it is an excellent approximation to the
correct relation in the vast majorit& of. physical systems. We
define linearity in a somewhat geperalized sense as a relation
of the form

I'dx' P x) % x> 9)

atx)> =
4
with P not a function of j. We have shown elsewher!‘%hat a
relation such as (9) implies a field independent incoherent
(Sthtaneous and "thermal") emission rate as well ag 2 linear
susceptibility in the usual sense17.'
For such a system Eqs. (6), (7), and (9) may be combined
to give |
1g1610gF{j} 18

(0 6% 15 (x-x D - PCCl(xxl)] ( z - 1%(x) ' (10)




which may be immediately integrated as _ -

F{j} = exp[%' cjc(x) DCC'(xx')jc'(x'q (11)
where D satisfies

19

| [(;c“lc(x-xl)-chl(xxl)] D518 (") = 65 s (xx"). (12)

From Eqs._ (3) and (11) we see immediately that D is the two point
correlation function and Eq. (11) shows that a linear system is

always "Gaussian" no matter what form the two point correlation

20,21 18

may take « A similar result has been established by Glauber
for "chaotic" field sources. It may be fhat linearity and
‘chaoticity are complementary descriptions of the same physical
'situation. The criterion.of linearity, however, is perhaps more
" precise.

For the sake of completeness and for use in the sequel let
us completé our analysis of Eq. (IQ; for F{j} by seeing what in-
formation is contained in Eq. (12) fpr D. Comparing Eq. (3) with
. Eq. (11) it is easy to show that the Zz' structure of Dcc'(xx')

can be expressed in the matrix form

'd‘(xx') _d<(xxl)
Dcc'(xx') = d%(xx") (% :) + ' ' 13
‘ d” (xx") -d”(xx")
wherer
') = (x'x) = 1 (GAWAR')> - <A(x)><A(x')>) (142)

A Gx') = a®(x'x) = nlt-t') [d Gx')-d“(x'x)] (14b)



and n(t) is unity for t positive and zero otherwise. Then, as
we have shown elsewhere , Eq. (12) can be easily deébmposed

into the two equations

(@8 Gxx)-p" (xx ) 1d" (xx") = 8(x-x") | (15a)

[DG(x-xl)-pr(xxl)]d<(:flx') = p<§x xl)da(xlx')' (15b)

where pr and p< are elements of PCC' in a decomposition identical
to Eq. (13). Now Eq. (15a) is the equation'for the classical
Green's function of the electromagnetic field in a region of
(frequency, wavenumber, time, and position dependent) linear
susceptibilities. As in the classical case this equation
determines the mode or quasimode structure of the region as well

as the frequency spectrum in terms of the (complex) susceptibility
r
P .
From (l4a) we see that d° contains the energy density
(power spectrum) of the field-as a% does not. Equation (15b)‘

which determines this quantity is conveniently written in the

integrated form
(xkx") = d (xx;)P (X1X,)d (X,X") (106)

which has been shown elsewhere11 to determine the energy density

by detailed balance of incoherent emission into the system, described
by p<, and absorptive losses contained in the Green's functions ar
aﬁd d®. We note that Fhermal equilibrium would imply a relationship

(fluctuation dissipation theorem) between pr and p< which is just of



the correct fofm.to ensure that d<(xx') embodies the Planck
distribution in that case.

Then we havebcompletely solvéd the general equations (6)
and (7) for all the physically relevant correlation functions
of the electromagnetic field in a medium with lineér constitutivé

equations, in terms of the susceptibility and spontaneous emission

rate which characterize the medium completely. We could, at this

point, either go on to consider these equations for nonlinear
media or show how counting distributions for linear systems are
obtainable from the above resultsza. It is more convenient,
however; for boéh these discussions first to introduce a more
general generating functional and discuss its equations of motionm.
In the next section we introduce this new functional and go on to

. compute the linear system counting distribution.

-



III. IMPROVED GENERATING FUNCTIONAL AND LINEAR COUNTING DISTRIBUTION

We define a new generating functional F'{j,U} by
PO = <(exp 102350 AR U (A DD ()

where now both j and U are independent variablesls. Comparing
Eq. (1) we see that F'{j,U=0} = F{j}. The particular utility
of F', however, is seen by noting that, in view of Eq. (4)

J by n
r"{j-o,UCc'(xx') = a6%78" Ta(xx")} - } -@—-g.L <C!/(C-n) !> (18)
. n=0 * .

.80 that F' contains an explicit generating function for factorial
moments of the counting distribﬁtionza. Using the relation from

Glauber16 or Kelley and K1einer13

nzo -(%),— <c!/(C-n)!> = mZO (1+10)%p (19)

where Py is the probability of m counts, we see that F' generates
the counting distributioﬁ itself as well. 4Fihally, as is evident
from Eq. (6) for F{j} and the equati;ns bélow for F'{j,U}, jc(x)
plays the role of a prescribed current d;iving the system. Then
F'{§,U} with the value for U used in Eq. (18) and j+(x)=j-(x) = J(x) i3
chosen appropriately is a generating function for the counting
distribution for the system of interest in fhé presence of a

prescribed driving current. Such an expression, when 1t can be

evaluated, might describe the statistics of the scattered light from

e

10



11
e medium illuminated, say, byva highly coherent}laser source26.
A prescribed current in a linear system has also been a useful
V~mode1 in discussing laser fluctuationsln.

Now corresponding to Egs. (6) and (7) for F{j}' F'(3,U}

satisfies.

l—i;lélogF'{j,U

63%1(x))

. } , ‘
[asts1 (x-x,) -‘l’lccl(xxﬂ] )" <3 (x)>+3° () (20)

S 1S

Tex) = g0t )07 () )] | (21)

whilé the identities
§210gF' {1,U) . 'z, z z'

. oy E 1zD7” (xx') = 1ig'D” *(x'x) = 1irs<A>(x)>/83> (x')
63°(x)83~ (x')

- 17z [“ ‘;c , <A‘(x>><A"(x')>] (22)
§U (xx o

allow us to write the result of differentiating Eq. (20) with

*
‘respect to j ¢ (x') as

c'8logF' {1,1) NN S ...
[U&“l(x ~x ) U“l(xx )]l : 2.( JJ') - c'<Ar‘(x1)><A' (x‘):j
X, X ~
1
) T »
- é%ﬂ)z + 658 (x-x".% (23)
83" (x")

Equations (20)-(23) again form a complete description of the

: system in question as soon as a constitutive equation relating



12
<J> to <A> 18 specified.
* For a linear system tﬁe integratidn of these equations is
again straightforward. Thus Eq. (20) with Eq. (9) can be integrated

just as Eq. (10) to give
FULU = P00 empldton® Gt st )] (2
vhere D(U) is defined by
"[ﬂc“*(x-xl)-P“'(xxl)-?'xc‘*(xxlnnﬁ"(x‘lx';u) = §C"(xQx') (25)

Then, noting that <A> = 0 when j = 0, Eq. (23), with Eqs. (9) and

(22) is

[Q -P-1)5%8 ey BS1OBELOUL L 28 g (26)
| suts’t’ (x4x") |

where an obvious shorthand has been employed. Now taking account
of the symmetry of the problem under matrix transposition of U we

may write (26) as

§log F'{0,U} = -;— @ -p-i! %1 (ax, ) aﬁ‘t‘(xlx)

[}
1o f=

tr [(1-095)'1 5001 @

where

D, - (@ -1 - pu=0) (28)

and we have gone over to a full matrix notation. We recognize

(27) as being equivalent to
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810gF'{0,U} = -%6 tr log(1-D_U) - (29)

- so that, with Eq. (24) we have the exact solution

L0 = exp -;— t'r{(l-noﬁ)‘lnojj; + 1log (1-0_H}. (30)

Note that this is.sgill, in principle; completely determined
by the systgm susceptibilities p< and pr since, by Eq; (28), -
Do is the same as D of the previous section and determined by
Eqs.(15).

Let us now see how a photocount distribution can be extracted
ffom Eq. (30). We choose the form of U as in Eq. (18) and expand
F! as

© ’ .
F'{3,2g} E exp {nz_o AR} | (31)

where kn is explicitly evaluafed by expanding Eq. (30) as

£,% Tt
_ I R ZyCo ~P223 374 .
XnKn 2 I3 (xl)cho (xlxz)U (x2x3)Do (x3x4)...
~%2n, %2041 on+1%2n+2 % on+
L 4 s .
weer U 02041700 ®ont1%2n4+2)3 %x2n+2>)]
) 1 %1% o"on, b1
— 1 4
+ 7n [Do (xlxz)... u (xzn,xl)] (32)

and we still use the convention of summing over repeated indices g
and integrating over repeated variables x.
Now by inverting Eq. (10) and remembering the definition

Eq. (28) of D, it is easy to see that



. 14
D, )t ) =t (33

that is, the coherent field generated by the prescribed current.
Then the two j's in the first temm of Eq. (32) and their adjacent
Do's can be written using the symmetry relation (22) as

%2 Son+1

4 4
_';2<A (x2)><A 2n+l,2

a8 -:I.I)c (34)

(xpp41)> B (®yn41,%2)

and we may rewrite Eq; (32) as

k= L roan+oeazl 23)0E6T6S). . D20-1,20 020,11
@35
iwhere now (1) is sh&rthaﬁd for (xl,cl).
Equation (35) can be further simplified if the detector
system has certain properties. Let us more closely examineAa

portion of the product above. Thus

9 . T duduwydode,
A"“U(23)p_(34)U(45) = I degdt, ———>  x
-5 (27)
g, _ ¢ 8 4+ 53 _ (SN 4

x 00r,t) -8 2278 2 Hglr,u)46 T8 2 a(r,, —u) 16(r,t 00 Hryrg 0,0)
J “4,- "5+ %+, 55,

X d(rgt) -6 778 T g(rgu)+s T8 T glrgrug) 1e(rgty)

1
x  exp ~1lw, (t,-t ) +u, (-t )+ Eﬂ(t3+t4)+w3(t4-t5)] (36)

where we have used Eqs. (5), (18), and (21) and the Q dependence of .

D reflects a possible nonstationarity of the systeﬁ. The simplifiéation
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mentioned abo§e obtains if.we'may say eitﬂer that the detector
only operates on transitions to a higher energy state, so that
g(w) is nonzero only at positive optical frequencieszs, or that

it operates on transiti&ns to a lower statez9 so that only
neéative W contr;bute.‘ Theﬁ, considering that Q@ is small relative
to optical frequencies and that ¢(t) defines an interval long com-

pared to inverse optical freqdencies, the t, and t& integrals in

3
Eq. (36) ensure that W) N W, DB U, where tf.he 22 sign means close
compared to optical frequencies. But since g(w)%(-db = 0 when
0w o o thé only terms surviving of the four in Eq. (36) are
those coupling g(wl) with g(w3) and g(—ml) with g(-w3). That is,
reconsfructing the Fourier transforms,

ow z, _ _ z
A zu(za)no(sa)‘ﬁ(as) -5 2 ,;;(::2::3)00+ (x4, )8 (x, %) 8 3,+

;5,?

14
2t gm0, xx e (xgx )8 0T 6N

+3
Extending this argument to the full expression (35) it is easily
shown that Kn is the sum of two terms, one containing Do+- and g
in the correct matrix order while the other inQolves Do—+ and g in
transposed order. Fimally, explcitiné theAsymmetries inherent in
Eqs. (13) an& (14) one easily shows that the two terms areiequél
go that Kn is finally written

Kn - ;];-[(d<(x1x2)+ndc<(x1x2))g(xzxa)d<(x3x4)- LI g(xzn’xl)] (38)
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and F' may be reconstructed as
' < < -;1 < 30

F'{j,Ag} = exp tr [Adc g (1-2d'g) ~-log (1-Ad g)]. (39)

Equations (38) and (39) are now in a formvwhich is easily
treated in certéin, physically relevant, special cases. Thus,
with a thin detector oriented normally to a well collimated beam
and a counting time shoTt compared to the coherence time in d<,

one finds in the usual waylc —

. 1 iA<C>c
] e —— ——
F'{3,2e} 1-ir<cs  °*P \ T-ix<c> (40)
where
1<c> = g1} ! %% f 52!'% d<k(w,9). ‘ _ (41a)
k . .
0 -0
<C> = g I a3r fﬂ I [ dt ¢(rt)<A(rt)>eimt (41b)
c 02w 1 - .

and g is a suitable average counter sensitivity. Equation (40) is
identical to one obtained by Glauber1D for this case via a quite
different route. The opposite case of a long counting interval

yields the result

P ' Ir<G>
F'{j,Ag} = exp 1 T;[ -(1- M)I/Z] + M e
1

2 Tg _ 1a<C> 2
B o 4
82412
4
(42)

where we have assumed a Lorentzian spectrum of full width g and 4

1s the difference'between the center frequency of the Lorentzian



line and the assumed single frequency of the coherent signal.
The factorial moments and counting distributions cdrresponding

to Eqs. (40) and (42)'are found by use 6f Eqs. (18) and (19).

17



IV. SOME NONLINEAR RESULTS

Iﬁ addition to the exact rgsults (eg. Eq. (30) or (39))
we have obtained for linear systems it is possible to extract
from the equations ((20)-(23)) for F'{j,U} some approximate
results for nonlinear systems. For example, 1f the constitutive

equation Includes a cubic temm

(44 4 L g 4 14

L.%,8 ’
<Jc(x)> = P 1(xxl)<A 1(x1)> ~iz T 172 3(xx1x2x3)<A 1(xl)A 2(xz)A

2 (x,)>
43)

then Eq. (23) for F'{j,U} (in the j = O limit) can be written

. - - o = - -c
0s-D-raD-TaD+raizn | = 40D )odin = sa-19,
- 6U(23) 3
' (44)
and the expression (Eq. (22)) for D as a derivative of F' makes a
complete closed set of equations for F'. The constitutive equation
(43), with a particular evaluation of T has been the basis for a

number of laser theories11’3l. It may also be appropriate for the

description of anharmonic phonons in some materials.

We treat here only the deviations from Gaussian behavior
induced by the cubic term in Eq. (43) to lowést order in the
nonlinear coeffiéient function I'. For clarity we leave the details

of the perturbation scheme to an appendix and. just note the basic

result for the correlation function

18
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32
G(l,eeeey2n) = <A(L)... A(2n)>

gl VLl SR YL C IS O REER N PRSI PR
-~2M L3535 00" Usdg) e D Uy 350 (45)

over all maps of 1,...,2n onto jl,...,jzn

-

where EM means the sum
except that maps which differ only by a permutation of indices
inside a D' or L are considered to be the same. D'(12) is the
%1% <1 L,
symmetric two point function D (xlxz);2 = {<A (xl)A (x2)>

while L(1234) is the fully symmetric expression

L(1234) = D'QAT)D'(22) (r(1235)+ (1333)+r (1335)+(1342)

+ T(1823)+7(1432) 10" (33)D' (34) o (46)
which describes the interaction of a single pair of photons via
the nonlinearity.

In the same approximation D satisfies the equation (when

U is finally set to zero)

Q=D -paD)+or(1123)4T11213)40(1231) 10" (23) }0(I1Y) = 8(1-1")

2 "2\
%4y

”~~

which gives the first order effects of the nonlinearity on the
mode structure, spectrum and power spectrum of the system.33
Now the particular part of G which is measured by an

absorptive detector is

G'(Q",..en'; 1,...0) E <A"(1')...Af(n')A+(1)...A+(n)> (48)

!
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where, in ad&ition to the ordering implied by the choice of
superscripts, A(l)...A(n) have only their pbsitive frequency
parts contributing while A(l')...A(n:) contribute with negative.

frequency only. The terms of Eq. (45) which survive in G' are

< ' < <
6'(1',...n"31,..n) = {Md (1,3,)d7(2,3,) 00 d (0,3 )

DR CER I RICACE RINLNCR RN (49)
)

vhere ZM'means the sum over the n! maps of 1',...0' into
Jysecerd s 2; does not distinguish maps whithddiffer only by
exchanging jz and jm’ 2“ means we sum as well over partitions .
which choose the variables in L and the prime on the product in
the L dependent term means that there are only n-2 factors as
the variables which appear in L do not appear in the product.
There are %n(n—l)n! terms in the second sum. Finally we have
used Eq. (13) to write D'+- as d°.

With'Eq. (4), Eq. (49) again predicts counting distributions.
In the limit of short counting times compared to the cbherence times
in D and T and for the simple field and detector geometry we have

previously used, one finds, for example, the factorial moments

<et/Eemt> = alo™i- in @-nu) (50

where <C> is defined in Eq. (4la) and L is the value of L(1234)
.with all times set equal, divided by the square of the field

intensity. Then, using Eq. (19) we find for the probability of

e
o \
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: . 34
- m counts

. | <¢> Yo} LI 4@ | (o+l) (mt2)
A

Although Eqs. (45)-(51) contain only the simplest effects
of the nonlinearity on the system 1# question the results are still
of some physical intéregt. Let us briefly mention several points.

In the first place, Eqs. (50) and (51) show that, no matter
how weak the interaction strengthll,ccorrelation functions of
sufficiently high order are strongly modified to first order in
the nonlinearity. While it is possible that higher order terms
in T would change this conclusion; yet it strongly suggests that,
siﬁce there is a small photon-photon interaction even in the vacuum,
it 1s never correct to think of a photon field as linear (or
Gaussian) to a good approximation if correlation functions of all
orders are being cons;dered.

Secondly, as mentioned above, Eq. (43) can describe a 1laser, and
our result Eq. (51) fof a counting distribution should be valid in a
region of operation (below threshold) where the nonlinear effects are
sti1l weak. An evaluation of L and an analysis of Eq. (47) for the
linewidth and intensity of Lamb's gas laser model has been carried
out in this région, using the evaluation of I from Ref. (11). The
results are as follows.

The parameger L in Eq. (51) can be expressed as L = pZNz,
‘where N is the number qf photons in the mode, (defined as the
avérage énergy in the mode divided by hv) while thg gonstant P

characterized the laser in question and is evaluated as



! ‘ . 3 ¢ ; 2 2

. | | pSW;;—;;- (52)
. ~Here X and w, are the wavelength and circular frequency of the

laser line, V is the "mode volume", which should be taken as

the physical volqme of the beam, Yo and Y, are the natural 1inef'
widths of the upper and lower levels respectively and yz' is that
part of the upper lével natural linewidth due to transitions to
‘level onel A typical value for p in a gas iaser might be 10_4.

In this same approximation the intensity satisfies the relation

1 12
oN 2 w + v +1 (53)
where
v i nl
I n . (54)

and n is the ratio of the level inversion to that required for the

nominal threshold35. The linewdith satisfies the Townes relation36.

The above results have been compared to those of Risken37,
which are valid for all intensities. In the limit of small intensity
the counting distribution derived from Risken's intensity distribution
reduces exactly to the form of Eq. (51). Furthermore a comparison

. with his expression for the average intensity shows ;hat L is
evaluated identically and that his w and our w are the same parameter.
. Then Eq. (54) may be taken as an evaluation of Risken's excitation

parameter in terms of the physical constants of a gas laser system.

As a final application of Eq. (51) (or the corresponding™ -

results for similar constitutive relations) let us consider a recent



proposal8 for using intensity correlations in Raman scattering

to measure the lifetimes of optical phonons in crystals.

. Briefly, Fetter shows that the correlation functions of the

scattered light, when the incoming light is coherent, are

directly related to phonon correlation functions in the

23

crystal, with the same ordering as the correlation functions

we have been discussingae. Then the deviation of the counting
statistics of the scattered light from Gaussian will reflect

a nonlinearity in the phonon system and may allow an estimate

-of the strength of the phonon-phonon interaction in the crystal.

The feasibility of an experiment along these lines is being

egamined.




V. CONCLUSION

In summary then, we have derived dynamical equations for

generating funct;onals of the physically interesting correlation

‘functions of any system of interacting photons in the presence

of their sources. We have shown that for the Important subclass

of linear systems the equations are exactly integrable, and that

these systems always have Gaussian behavior, whether or not they

are stationary and independent of the spectrum and power spectrﬁm.

An explicit expressioh from which counting probabilities are ob-

_tainable was developed and was evaluated for some physically in-

teresting cases of simple source and detector characteristics.

We then treated a system with a cubic nonlinearity in

 the constitutive equation, by perturbation theory, to lowest

order in the nonlinear coefficient. From the expression for

the counting probabilities we conclude that any small nonlinearity

spoils the Gaussian behavior for a sufficiently high order
correlation function. The results are in agreement with the
appropriate limit of a Qonlinear laser theory developed by
Risken, and a possible ;pplication to the measurement of phonon-

phonon interactions in a crystal is discussed.
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APPENDIX

NONLINEAR PERTURBATION THEORY

We sketch the steps leading from Eq. (44) in Section IV
to Eqs. (45)-(47). First, noting that the relation

plaDpdz'y = §(1-2') implies

D—l

& D(12) 8D (12) = :
B34y - -1 “gagy - P22 (55)

we rewrite Eq. (44) as
| -1,.-
| {m(l-'i) —p(1D)-T1T)+r (1423) [n' (23) 8 (4-1)-D(45) %é%l ]}

x DY) = §(1-1Y (56)

' which identifies the quantity In curly brackets as D-l(ll) and
provides an exact eqﬁation for this quantity. An iterative
solution to this equation in powers of T is easily obtained, of

which we retain only the first term

-1 - - » - ~N - N

p(11) & O 8(1-1)-P11)-UaT)+F(1123)p'(23) (57)
where we define

Tai23) = r@iz3)+r(21s)+r@23l). (58)

Equations (57) and (58) immediately yield.Eq} (47). Equation

(45) is obtained by noting that

25
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n 8 ' 8 !
G(l,.e:42n) = (-1) (m +D (12)) (6U(34) +D (34)) x

5 L
X o o o (;U(2n~3,2n—2) + D'(Zn—3,2n—2£> x D'(2n-1,2n) (59)

which follows from Egqs. (17) and (12) when j = 0, Thus

. S
G(1234) ‘= =D'(12)D' (34)+D (35) i%,-z-%l D' (64) (60)

which is, to lowest order, according to Eqs. (57) and (21)

~G(1234) 2 D'(12)D'(34)+D'(13)D"'(24)4D'(14)D' (23)

= D' (35)7(5678) %’;%%l D' (64)

£ D'(12)D'(34)+D' (13)D' (24)+D' (14)D' (23)~L(1234) (61)

where the last step again involves taking the lowest order term and
L is defined in Eq. (46). It is easy to show that repeated use of
this procedure enables onz to write Eq. (59) as Eq. (45) to lowest

order in T.
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Here and henceforth we use the coﬁvention of summing over

repeated indices and integrating over repeated variables.
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t \J

p%t (xx')r' and thus of ptt (xx"). But the
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symmetric function 6<Ac(x)>/6jc (x') also satisfies Eq. (12)
so we must choose P with the required symmetry for a physically
realizable system.

the symmetry of

This is a little different from a classical Gaussian system
as the correlation functions refer to operators which do not
commute. Only thé physical operator orderings (Eq. (3)) are
included and the order is retained in the decomposition in
terms of two point functions where relevant, that is, within
any single two point function.

One caveat is necessary. Equation (11) might seem to
imply that every field once escaped from its generating
region and in the linear region of free space becomes
Gaussian. This is clearly not the case and the difficulty
arises because we have ignored initial conditions in inte-
grating Eq. (10). Equation (11) then does not apply to free
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Ref. (11), footnote (10).
Counting distributions are found this way in Ref. (1C).
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Corresponding to the transverse nature of the electromagnetic
field the § function in Eq. (23) should be a transverse
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See Eqs. (4) and (5) and Ref. (1C) Lecture IV.
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' POLARIZATION AND ABSORPTION EFFECTS ON THE FRAUNHOFER

DIFFRACTION PATTERNS OF A CORNER REFLECTOR

C. 0. Alley, R. ¥. Chang, D. G. Currie, M. E. Pittman
University of Maryland, College Park, Maryland

I. INTRODUCTION

The far field diffraction pattern of a corner reflector will be
considered, especially the effects of the relative phase shifts between
different polafizations caused by total internal reflection. E. R. Peck1
has studied the resultant state of polarization of the reflected light
when a pencil of light falls upon one sector of the corner. M. M. Raoz,
following the method of Peck,has made a numerical study of the state of
polarization for a corner reflector constructed of a particular type of
glass. The eigen states of polarization predicted by Peck have been
experimentally verified by Rabinowitz, et a13. A study, in terms of
geometric optics, of the effects of angular errors in the prism on the
return image has been made by P. R. Yoder, Jr.é. However, our present
discussion shall assume that the corner is geometrically perfect; i.e,,
there are no angular errors in the corner reflector.

A beam of plane parallel monochromatic light falling upon a flat
circular mirror produces in the far field the well-known Airy diffractiomn
pattern. . In the following we consider the far field pattern produced by
combining the beams of different polarization which emerge from the six
sectors of the corner reflector. The polarization and amplitude of each

of these six beams is determined by the optical properties of the rear

interface between the corner material and a metal cr a dielectric,



i.e., the air or vacuum, as will be discussed in the following. In general,
this pattern has more structure and angular divergence than the pattern
which would be obtained if the corner reflector acted in the same manner
as a flat mirror of the same diameter.

In more detail, each ray which "composes" the incident plane wave
falling on the corner reflector is followed through a corner reflector
in the manner of Peck, and the phase anq amplitude of the ray emerging
from the face of the corner reflector are determined. We thus neglect
diffraction effects which occur inside the corner reflector. The phase
shift and amplitude are determined by the optical properties of the rear
surface; i.e., the glass-metal, glass-air, of air-metal interface. Each
of these rear interfaces causes a relative phase shift between the com-
ponents polarized parallel and'perpendicular to the plane of incidence.
An interface with a metal component also introduces a change in the
amplitude of the wave. Our results will be compared to those for a
"perfect" metal coating at the rear interface by which we mean an inter-
face with the ideal properties of no change in amplitude and a relative
change of phase between the parallel and perpendicular components of
polarization of -m. (A ﬁaterial with infinite conductivity at optical
frequencies would satisfy this criteria of "perfection".)

.The amplitude and phase or, equivalently, the complex amplitudes
thus-determinedAhave different values on the different sextants. In
this computation, it has been assumed that the incident plane wave is
approximately perpendicular to the front face. Rotating the corner re-
flector by an angle ¢ would have two effects:. (1) an overall change in
the apparent shape of the front face (or the aperture) which would expand

one axis of the resultant diffraction pattern, and (2) a change in the



angles of refraction at the rear interface, which would involve the
charge of relative phase shifts with angle. The latter effect is second
order in the angle ¢ and thus small. The face of the corner reflector
is assumed to be circular. Scalar diffraction theory is used to determine
the far field pattern which results from all sextants with different
complex amplitudes.- The diffraction is calculated first for an arbitrary
complex amplitude for each sector, and later the complex amplitudes
are given the values which would result from a.particular rear interface.
The Fresnel reflection from the front face has been neglected. It would
affect the diffraction pattern (apart from loss of intensity) only if
the beam were exactly perpendicular to the front face.

The properties of specific interfaces are considered in Section V,
.and the diffraction patterns for silver, aluminum and total internal re-
flection are discussed. The metals have diffraction patterns rather similar
to that of a "perfect" metal, and total internal reflection produces marked
diffraction effects. In this section, some of the symmetries of the
diffraction patterns are discussed.

In Section V, we present some photographs of fhe Fraunhofer diffrac-
tion pattern. These are seen to confirm the treatment and approxiﬁations

made.
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II. ©POLARIZATION AND INTENSITY EFFLCTS OF A CORNER REFLECTOR ON

A PENCIL OF LIGHT

A pencil of light which impinges axially upon one of the sex-—
tants of a corner reflector, after being reflected consecutively
from three surfaces, emerges from the sextant opposite to the one

~ -~

it entered. As shown in Fig. 1, we designate by i and j the unit
a3

FIG. 1

IDENTIFICATION OF SEXTANT AND DESIGNATION OF
POLARITIZATION OF COORDINATE VECTORS

Real Edges are indicated by solid lines, virtual
edges are indicated by dotted lines.

veetors perpendicular and parallel, respectively, to the plane of

incidence of the scxtant labeled by 4. The light u =(El), where
: - 2

uy and u, are the complex amplitudes representing the phases and

real amplitudes of the monochromatic light in the direction of i

-

and j respectively, entering the sextant labeled by 4 would emcrge

from the sextant labeled by 1 with different complex componenté

!
u , .
u' = 1} . By tracing the ray through ecach reflection, it has becn

1 .
found™ that u and u' can be related by a matrix C,

-~




The matrix C has the form

\
2
A (RIS SR R
2
Co = 2w (5 v)
(1)
Y3 2 (
C21 = ——8- T, (r_‘_ -+ 1‘”)
1 : 2
022 = gfn[étL (RL - r”) - (FL + r”) ] ’
7

where 1, énd r, are complex coefficients of reflectance which may

be written as r, = p, éxp (i8,) and v, = p, exp (id,). For total
internal reflection p; = p,, = 1; otherwise, p, and p, are léss than
unity representing reflection loss. Using the same polarization vectoers

for all sextants, we have six different matrices,

where n = l,~2, 3, 4, 5, and 6. The supcrscript n of the complex
. n C.on C . . . .
amplitude u and the matrix C is associated with the light emerging
th i s ' . ‘e
from n~ sextant, The matrix in Eq. (1) can now be identified as
91 which is expressed in terms of Pauli's spin matrices, for the

convenience of the following calculation, in the form




where
R TR I IR (e IR (O
and
g = _1_% (ry - ru) [3(1;L + 1) 2 -—- 2(x, -~ r..)z] , ) (2)
n —1'{—3 (r, + )3, >
g = -1 1£—§~ (r, + r.,)2 (rp - ru) .
A

The matrices C3 and C® can be obtained by reotating the matrix
cl by the angles *120°. Such a rotation may be accomplished by
-1 . 4
RCR 7, yielding

3 = . .
¢ =4 (1+3ig)) ¢ (1 - 3ig )

fl
'aa )l
—t
i
i
Q
kg
+
i
Q
KR
N
=
tQ

ft
['as]
H
+
i
Q
{
N
)
Q
-

. . . : 7-n
Matyices labeled by even numbers can be obtained by inverting C

with g, because they make a wmirror pair as far as the coordinate

system is concerned,

C =0C "¢ ,n=2,4, and 6.
S 9%




This equation, becauvse of the anticommutation relation of o's,
results in simply changing of signs of the coefficients of ¢ and
. ~xX
. n .,
g components. Consequently we can write C in a general form as
~y ' <
n

c = g} + fn/ghgx + gncgy + hn/%hgz . (3)

The coefficients fn’ 8, and hn are tabulated in Table I for all

sextants.

i o £ "o
1 1 1 1
2 0 -1 -2
3 -1 1 1
4 1 -1 1
5 0 1 -2
6 -1 -1 1
TABLE I

The coefficients in the transmission matrices

As indicated by the form of the transmission matrices gn’ the
polarization and amplitude of the entering light is, in general
not preserved. One can, thever, use projection operators té de-
compose thc ewmerging beam into two polarization components along

~ ~
directions other than i and j. 1In particular we will consider one



component parallel to the incident polarization and the other per-
pendicular to it. Assume the impinging ray is linearly polarized in
the direction such that it makes an angle 0 with i as shown in Fig. 2,

. cos O
so it has the form u = uo(

. . - The eigenvectors jectd
sin 6) genvectors of these'prOJectlon

operators are,

Vu z(c?s e)and v, =(_sin O)

sin O cos ©

respectively for the components
parallel and perpendicular to

the incident polarization. Thus

the normalized complex amplitudes
. — t
of the emerging light from n

sextant for these two components

FIG. 2 are,
Assumed Polarization State of Incident
Light,
: ' [ 3
Yfil = _Yuf Qn Ll/ '9+9

= £ + fn/gh sin 20 + hn/%n cos 20

> (&)
n 4 AN /A
vi=wt et wnle
== - 1 1 1 - /IE-I A Yo
g it + hn/zn sin 20 - £ vyn cos 20. J

The polarization properties of the emergent beam are determined
n n . . '
by the phase between y,, andy, which in turn may be uxpressad as
functions of r, and r, , the complex coefficients of reflectance.

Similarly, intensity properties of the emcrgent beam are related to
2 | 2

. nl<
r,, and 1, by the expression [y, + Iyt
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1II. DIFFRACTION PATTERN FOR A SIX-~SECTORED CIRCLE WITH ARBITRARY

PHASTS AND AMPLITUDIS

For a single polarization the integral governing Fraunhofer dif-
fraction is

U (P) = B” ikl @) g gg, (5
: S

wvherc UF(P) is the amplitude at point P, p and q are defined as the
differenée of tﬁe direction cosines between the point of observation
P and that of the direétion of incidence., The region of intecgration
is the arca of the aperture:g, The constant B in front of the inte-
gral in Eq. (5) expresses the intensity and phase of the emerging
light which are constant over the whole area‘S. If, as a siuple
example, the phase and amplitude are the same in each of the sextants,
then the fesult is the'we11~known diffraction pattern for a circle of

radius a, ’ AN

a?.'n_' !
J o ikpw cos (¢ ¢)pdpd¢

(e}

U (P) = BJ

o}

2J1(kaw)
= B7a —

’ (6)

kaw

where a new sot of coordinated (w,¥) were introduced to describe
the points on the plane of observation replacing (p,q);and (p,4)
were introduced to describe the points on the region of integration

g
replacing (0,B). These are obtained by the transformation

w cos Y=p, Wwsin ¢ = q. and

pcos ¢= a,psind=0B .
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Here w is the 'sine of the angle which the direction (p,q) makes with
the central direction p = q = 0. The diffraction pattern for the
circular hole is circularly symmetric and is‘independent of Y. But
if we consider the case of the light emerging from a six-scctored
circle with different phase and amplitudé for each sextant, as in

Fig. 3, the diffraction pattern loses its simple form and, in general,

the integral depends on the angle y: Because of the kind of transformation

A

A
J . ' .
~\\\ we made above,this polar angle ¢ is
ji//g ﬁ measured from the same axis as ¢ is
S e _
\\\\j measured, that is, counter-clockwise
> ’

o from j-axis when facing the source

FIG. 3 J gt

Zero Line of Polar Angle . of radiation. Using the same new

coordinates as in Eq. (6)., the diffraction integral over the six-

sectored circle then becomes

e—ikpw cos (¢-¢)

arnn/3
J pded¢ ,

b
U (®) = B J
n=1 ©

o/ (n-1)7/3

where the Bn describes the phase and amplitude of the light of a
particular polarization coming from each sextant of the circle. It

is assumed that the phase and amplitude is constant over a given sextant,
Since our intereét is in the distfibution of the energy, we can normalize
the amplitude such that in the case of a circular "perfect" mirror,

which is perpendicular to the direction of incidence the central

2
intensity I, = |U0,0)| is unity. This yields

a r:.’ﬁ/3 .1, . w1l
YHJ e—lew cos (¢ “)pdpd¢

A(E T 5
‘( ) - ,-,/ o
e = o’ (n-1)+/3

| 7
n=1
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LY . ° -
where A(P) is -the normalized complex amplitude of the diffraction and
n o, . . th
Y dis the normalized complex amplitudes of the n sextant,

To evaluate the integral in Eq. (7), we use the formulas

cos (z cos 0) f Jo(z) + izl (—)k JZk(Z) cos (2k0)
sin (z cos 0) = 22 (—)k J2k (z) cos {(2k + o] ,
k=1

where Jzk(z) are the Bessel functions, to separate the radial and
angular parts in the integral. After evaluating the angular part,

we obtain

6
1 n (¥ T
AR) === )} ¥ |yday 23 ()
TX 3 "o
n=1 o
v g—izl . AT nm n

+4 ) . Jz(y) sing cos {(2GGT - ¥ - (8)

. =1
where x = kaw, y = kpw.

It is well known that

X

J y Jo(y) dy = xJ (%), 9)

o 1 .

but the second integral which invclves higher ordersof the Bessel
functions can be expressed in terms of the Bessel .
functions or in a power series of x. In either case the series converges

rather quickly, and has the form6

x o '
f X 4+ 2m + 1) (x) (10)

=~ 2 J
J Iy ) dy = 2ex Lo a2 (2 2m) ek m+ L



or
* X\ 242 o m :
J yI,(v) dy = 4(5)7° ] (-x2/4) (11)
o m=0 (% + 2m + 2) (m!) (2 4m)!
For & = 0, both Eqs. (10) and (11) will reduce to Eq. (9),
noticing j (x) = % E _ﬁjﬁ%ﬁﬁlﬁ___ in the case of E (1))
- 1 2 0 m! (m+ 1)! 4- *

Since the integral is well-determined, we can, for short, define

a new function Fz(x) as in the following:

_ 1 [x '
Fo(x) S Joy Jﬁ(y) dy . (12)
Then the Eq. (8) chan be rewritten as

6
.\ 2 . 2 '
. (-1i) Fz(x) 81n7? zl v COS[Q(%g -y - gi}
n=

=
P
o
p—g
1
-
I 100
o
+
E R
He~18

(13)

. n .
In the case of a "perfect" mirror, ally 's are equal to unity,

(omitting the common phase;) then 2 Yn/6 = 1 plus
' n=1

"
o

sin %E~ ) cos [R(E%-— $)1]
n=1 -

for all % and ¢, consequently Eq. (13) reduces to the form of Eq. (6)

as we expected.



This discussion has been for a single polarization. In geuergl,
(and for the corner reflector in particular) the polarizaticn from
each of the‘sextants may not be the same, Since beams of orthogonal
polarization do not interfere, we may calculate the diffraction
pattern due to each polarization, calculate the intensities due to
each polarization, and then add the intensities. Although this
may be done for a resolutiop into any pair of orthegonal polarization
states, we wiil find it convenient to consider orthogonal linear

polarizations.
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IV. DIFFRACTION PATTERNS AS A FUNCTION OF THE REFLECTING SURFACE

The results of the iast section are expressed in terms of the
phase and amplitude of the light on each sextant. If the light was
briginally plane parallel light of uniform intensity, then the phase
and amplitude of each éextant may be expressed as a function of the
phase and absorption at a glass-metal or glass-air interface at the
angle which occurs in the corner reflector. This was done in Section
II. We méy now use Section II to express the diffraction pattern in:
terms of the characteristic of the interface,

We again treat each of the outgoing polarizations separately.
First we substitute the value of Yﬂ and yz obtained from Eq. (4)
into Eq. (13) and then sum over n from 1 to 6. After somewhat lengthy
algebraic calculation we obtain the expression of the normalized

amplitude for both polarizations to ber

27 (%) y .
1 9 N
A, (x,130) = E———— 41 %’rf—g I ¥ o™, eosletemyr(-) 207 ,
£=1 m=0
(14)
24 % ,
A, (x,y30) = :r- Z v ‘3+6m(x) sin(3+6m) v
~ 2 '
+n L8 zzl 20( ~ymh2-1p Py, (0 sinl(2a + 6m) y + () 20].
- m‘.-

(15)



15

1Y

It is interesting to note that the diffraction pattern of a corner
reflector depends solely on four basic functions regardless of the property
of the reflecting surface. The difference in the properties of the
reflecting surfaces shows in the values of g, n and g which affect only

the stfengths of these four functions.

We can now define four G- functions GO(X), Gl(x,w;e), Gz(x;w)

’ and qs(x,w;e) as in the following.
2J1(x) :
GO(X) = . (16)
AR 1 )
.0) = 66 _ymF i _ - -
6y (,030) = 18 b L TR 6, (0 cos[(2H6my + (5" 2]
(17)
G, G, = 2 [ ()M, () sin(3 + 6u)y (18)
6/ & T mi-l N
C3(x,030) =~ ) ] ()™ (x) sin[(22 + 6wy + (-)° 20].
T 921 m=0 22+6m
(19)
Then Eqs. (14) and (15) can be rewritten as
Afl = gGO(X) -+ n-% (x,9;0) (20)
Ay = TG, (x,9) + nGy(x,V50) (21)

Thus both amplitudes may be expressed as couwbinztions of the G/functions.
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A computer calculation of thesc functions could be made to give the

detailed diffraction patterns for any type of corner reflecfor, but
this will not be done in the present paper.

We are also interested in the energy which lies within a given
angular radius of the center of the beam. Let L(w) denote the fraction

of the total energy which lies within an angular radius w. Thus we have

~-2 21 W -
LG) = -;\%L J I(w;w;e) w' du' dy 22)
’ o ©

where A = 2n/k is the wavelength of the light. The intensity is given

by
2 - 2
TGdys0) = |AnCx,p30) | 4+ |AL(x,ys0)|

where x = kaw as before.

Using Eqs.(20) and (21), we get

| 2 5 ' - - 2 2 -
LG ps o) = (o] 6,6 + CerrgrmC (a6 Gy ) + Il 6y Gey 43 0)
2.2 - ' 2 .
el GG w) + Con )6, G 6 Gris 0 + ] G Gt 0)

(23)

Noting that the angular integration cancels the cross terms, we may
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calculate each term to obtain

X2 (x")
Liw) = 2[g] J*_"“ dx' +’1’9'8' Inl Z T J ,uir g O )% dx!

o} 2=1 m=0
144 2 Nty
+ “g'lC| mzo Jo Ié+6m(x Yx'dx

The energy within the first zero of the Airy disc is given by
L(wo)) where v, = 3.83/kd. Evaluating the above éxpressions, this

yiélds
2 2 2
L(w ) = 0.84 [g] +0.44 [n]" +0.06 |¢]" . (24)

As an simple illustration, let us consider the values of the para-

meters such that the reflection surface of a corner reflector acts

as an 'perfect" mirror. These are given by conditions
q
Ty +ry, =0
and 4 . >
T, -1, = 2 exp(ds,) . (25)
J

Substituting these values into Eq. (2), we obtain
£ = —exp(i3¢,;) and n =¢=0.

This result reduces Eqs. (20) and (21) to what we expect from a

circular apevture, that is

Ay = —exp(i3§lg —

X
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Thus a corner reflector whose back surfaces act as a "perfect" mirror

has the same diffraction pattern as a "perfect" flat circular mirror.
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V. EXPECTED PATTERNS TROM CORNER REFLECTORS COATED WITH ALUMINUM,

SILVER, UNCOATED, AND OPEN CORNER REFLECTORS

Since the diffraction pattern of a corner refiector is a linear
combination of the four G-functions, we need only calculate the
strength coefficients €,7ﬁ§nd ¢ of different coatings (See Appendix).
The cases considered are uncoated.solid corner reflectors as well as
reflectérs coated with aluminum, and with silver. In addition, open
corner reflectors having aluminum and silver as reflecting surfaces
are considered. As an illustration, the strength éoefficients £,

n, ¢ and some other related quantities are tabulated in Table II,
There, the wavelength of the liglit considered is 6943 A which is the
value of.the ruby pulse laser. The index of refraction of the glass
of the solid corner reflector is assumed to be 1.5 (approximately the

index of fused silicon). The index of refraction n and the absorption

coefficient k of tle metals were taken from Schulz and Tangherlini7’§

We also examine the reflection loss of a cerner reflector. Lat

Ein denote the total energy entering the reflector and Eout the total

energy returning from it. Then, rather than integrate the diffraction
intensity we can calculate Eout by using the matrices introduced in

Section I1I.

n T
Cunte

-~

: ) . .
The ratio of energy is Eout/Ein =%
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Noticing
szZg:Zh;Efnggh';Z'hf:O
n=1 © n=1 " ps1 % oMM g PR opZpnonm
.from Table I, we obtain
1l 2 3 2 2 1 2
Eout/Bin E’nzl el +z£2 Inl +g2 [z] +5 102 |n| ]
2

el + 2]+ 2]

Since the fraction of energy distributed in Go(x) alone is li{z, we can
conclude that the extra terms 2!n|2 and ]glz are the fraciions of energy
'distributed in Gl(x,w;o), G3(x,w;9) and Gz(x,w). The energy ratio
(Eout/Ein) of different cases considered are listed in Talle II.

The fractional energy contained within the first zero of Go(x),

as given in Eq. (24), is also listed in Teble II for the cases cots idered.

Solid Cormer Reflector Open Corner Total Intermal
with Back Coating * - Reflector Reflection
Ag Al - Ag Al " n=1,5
p? 0.989 - 0.906 0.992 0.937 1.0
i 0.970 0.750 0.973 0.824 1.0
le]? 0.929 0.562 " 0.953 0.603 0.290
2 -4 -4 =4 PR
nl? 7.750x10 0.466x10 0.944x10 0.047x10 0.316
lz|? §.676x1070  1.208x1070  2.290x107° 0.268x107°  0.079
L(w ) 78.1% 47.2Y% 80.1% 50.7% ©39.0%
E__/E, 93.9% 56.3% 95. 6% 60.4% 100%
out’ in

Table TI Calculated expectations of enecrgy concentration

Reflection loss at the front surface is neglected in the uvse of solid
corner reflectors,
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In Fig. 4 the diffraction patterns taken from an uncoated corner
reflector are shown.  Since the polarization angle © is chosen to be
zero, three of the four G-functions with angular dependence reduce

to a simplexr form of

2

/‘ - © .
6, Gotso) = SF ) mzo(—)mHF“ ren () cosL(22 + 6my]  (26)
' 24 @ n . :
G, (1) = mZOH Fy6n(x) S0l + 6n)y] 27
/8 T ¢ mHe-1
G3(x,¢4;0) = —;—-zzl mZO - Foppign () sin[(22 + 6m)y]. (28)

In Fig. 4a the symmetries of the pattern are: (1) "up to down"

symmetry corresponding to "y to -y" symmetry in intensity I,,(x,¥;0),

(2) "left to right" symmetry corresponding to "¢ to n-y" symmetry. *
g y

Now we examine Eq.(26) which is responsible for the angular dependence

of A,(x,¥;0). Since Gi(x,w;O) contains cos[(2% + 6m)y], omne sees that

cos[(2% + 6m) (~y)] = cos[(22 + 6m)yl,

and

i

cos[(22 + 6m) (m-y)] = cos[(2% + 6m)y —(22 + 6m))

]

cos[(2% + 6m)y]

would assure that

G, (x,930) = G, G,=930) = Gy (x,m-930).

* These twe srmmetries would automatically include ¢ to ¢t symmetry,
i
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Consequently the amplitude distribution function
An(xaw;o) = EGO(X) -+ nGl(X,l!);O)

cbeys the same syumetry,
In Fig. 4b the pattern does not possess as high the symmetry as

that of'Fig. 4a. The only symmetry displayed here is "up to down"
symmetry corresponding to "y to -y" symmetry. Examining Eg. (27) and
(28) one sees that'Gz(x,w) and Gs(x,w;O) contain‘sin[(3 + 6m)y] and
siﬁ[(ZR-; 6m)¢], respectively. Under the operation of "y to -y"

both terms change sign simultaneously, changing only the phase of the
field A, (x,9¥;0) by 180°. Consequently the intensity, I,(x,y;0) =
Af(x,Q;O)AL(x,w;O), would remain symretric.

In addition to the symmetry property, Fig. 4b shows several dark
lines, One of these is the horizontal line going through the origin.
This line corresponds to y=0. inserting p=0 in Eqs. (23) and (28)
we get Gz(x,O) = 0, Ga(x,O;O) = 0, and so vanishes the anplitude
AQ(X,O;O). There are also two sections of dark lines passing through

origin at the angles y= *1/3. Inserting y= *w/3 into Eq. (27) one

finds that GZ(X,iﬂ /3) = 0 whereas G3(x, t1/3;0) does not., Therefore

the intensity along the line y= *n/3 is contributed only by Ga(x,in/3;0),

it is less intense than its near neighborhood where both G_(x,y) and
v 2 /

G3(x,y; O0) contribute, Finally one notices the dark origin. To verify
this one must review the Eqs. (11) and (12). Combining these two

equaticns we get

(- 5"
_ Loyt b
F (x) = 3 (Z_) 20 (24+2m+2) (m!) (24m) !

m=

(29)
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vhere & is ardy positive integer. This Eq. (35) shows that FZ(O)ZO'
Therefare GZ(O,w) and G3(0,¥;0) vanish, leaving a dark point at the

center.

|
e

Yy D

FIG. 4
DIFFRACTION PATTERNS

An uncoated corner reflector was used to demonstrate the polari-
zation effect. The incident beam was polarized along the E—axis such
tﬁat the angle 0=0. The corner reflector has the front face of 1 l/é
inch in diameter. (a) Diffraction pattern from a flat mirror with the
same aperture as the corner reflector. (b) Total diffraction pattern
from the corner reflector. (c)Diffraction paﬁtern vhich has the polari-

zation parallel to the incident beswn. (d) Diffraction pattern which has

the polarization perpendicular to the incident bezm.
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| VI, CONCLUSION AND THE COMMENT
| | In this study of the far field diffraction pattern for a corner
i refieétor, we considered, among other things, mainly the energy con-
, " centration at the central region.
. The purpose of this parﬁicular consideration is to investigate
the possibility of ranging the moon with an obtical'radar system on
;he ground and the corner reflectors on the moon. Thus quantitative
information on the concentration of the returning signal is the pri-
mary interest.

The diffraction pattern from a circular aperture illuminated

uniformly by a plane wave contains about 847 of its energy within

the angular radius of 1.22 A/d, where d is the diameter of the

aperture. For a corner reflector, however, when the total internal
reflection is employed to:minimize the reflection loss, the dif-
fraction pattern of the returning beam contains iess than half of

the energy in the same angular radius as compared tc the circular
aperture, It is because the polarizatién»effects manifests itself

\ : to a greater extent in the.total internal reflection. Tﬁere is little
.tendency.that the field at points far awéy from the central region

AJ would be cancelled as it would be in the case of circular aperture,
The consequence is a greater spread ofvenergy{ Coaliug the back
surfaces of the corner reflector with metals would generally‘improve
the performance in the sense fhat more energy would tend to concentrate

in the central region. But the absorption by the metal would reduce

.
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the returning intensity. The light gn;érﬁg;aicorncr reflector has to
be reflected three times bafore emerging)Lth§;;!the desirability of
high reflectance at the reflecting interface is greatly signified.
The particular geometry of the corner reflector predetermined

the basic structure of its diffraction pattern as a combination of
four functions. The different optical constants of the different
reflecting interfaces provide merely the different strength coef-
ficients for each of these four functbns; namely g,rnand . Threc of
these four functions do not diminish rapidly as the argument increases.
Therefore the high value of the strength coefficients of these three
functions, namely n and g, would result in the wider spread’of the
energy.

,iThe4959;??;§§??lé:$@¢hf as silver and aluminum on the back surfaces

of a corner reflector would feduce‘the polarization effects to such
an extent that Jﬂr?vééq:I;lznrié:;;negligibly small. But |£]? may or
may not be near to unity. Particularly the angle of incidence under
consideration is.in the neighborhood of the “principle angle of inci-
dence" of the metals. The reflectance p% is near minimum. Therefore
the coefficient lglzwhich goes roughly as ¢, is seriously effected.
In order to obtain the highest bossible value of. [g[z, the use of

highly reflective metals are most desirable. The metal such as silver

is certainly a good choice.

+
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